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The Role of Crisp Elements in Fuzzy Ontologies:
The Case of Fuzzy OWL 2 EL
Fernando Bobillo

Abstract—In the last years fuzzy ontologies and fuzzy Description Logics (DLs) have been applied successfully to several
real world domains. Some recent results on fuzzy DLs show an
increase in the theoretical complexity even for not expressive
languages. However, it still may be possible to obtain reasoning
algorithms performing well in practice. This paper studies some
cases where reasoning with a fuzzy ontology can be reduced
to reasoning with a tractable classical language (an OWL 2
profile). Then, building on the assumption that not all concepts
and roles in fuzzy ontologies are indeed fuzzy, we show that
reasoning algorithms can be optimized by taking into account
the existence of possible crisp concepts and roles. We also prove
the usefulness on crisp representation reasoning algorithms over
an empirical evaluation over fuzzy OWL 2 EL ontologies, and
discuss some preliminary techniques to learn which elements
should be considered as crisp or as non-crisp.
Index Terms—Fuzzy Ontologies, Fuzzy Description Logics,
Logic for the Semantic Web, Reasoning

I. I NTRODUCTION

I

N the last decade, ontologies have become an standard
for knowledge representation. An ontology is an explicit
and formal specification of the concepts, individuals and
relationships that exist in some area of interest, created by
defining axioms that describe the properties of these entities [1]. Ontologies allow adding semantics to data, making
knowledge maintenance, information integration, and reuse of
components easier.
The theoretical underpinnings of ontologies are strongly
based on Description Logics (DLs) [2], a family of logics for
representing structured knowledge. The real power of DLs is
the possibility of automatically discovering implicit knowledge
by using several reasoning tasks. DLs are known to provide
a good tradeoff between expressivity and efficiency of the
reasoning, even if the theoretical complexity is usually high.
The current standard to represent ontologies is the language
OWL 2 (Web Ontology Language) [3], almost equivalent to
the DL SROIQ(D). The OWL 2 language has 3 profiles or
fragments with polynomial-time reasoning algorithms, so they
are tractable [4]. Such profiles are OWL 2 EL (for applications
with a large number of classes and properties), OWL 2 RL (for
applications combining rules and ontologies), and OWL 2 QL
(for applications with a large number of individuals combining
databases and ontologies).
Despite of the undisputed success of ontologies, it has been
widely pointed out that classical ontologies are not appropriate
to deal with imprecise and vague knowledge, inherent to
several real world domains [5]. Fuzzy set theory and fuzzy
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logic [6] have proved to be suitable formalisms to handle
these types of knowledge. Therefore fuzzy ontologies emerge
as useful in several applications, such as [7], [8], [9], [10],
[11], [12]. Several fuzzy extensions of DLs can be found in
the literature (see [5] for a survey), as the theoretical basis
of fuzzy ontologies. One of the possibilities to reason with
some families of fuzzy ontologies are crisp representation
algorithms, based on a reduction to reasoning in classical
ontologies by computing an equivalent crisp representation of
the fuzzy ontology [13], [14], [15], [16].
In recent years, we have noticed an increase in the number
of applications for mobile devices that could benefit from
the use of semantic reasoning services [17]. In order to
deal with imprecise knowledge, such applications could use
fuzzy ontology reasoners as well. Furthermore, because of the
limited capabilities of mobile devices, it is especially important
to develop reasoning algorithms performing efficiently in
practice.
However, tractability of the fuzzy DL languages has not
received a lot of attention so far. Up to now, we are only
aware of some logics which are subsets of the logic behind
fuzzy OWL 2 EL. Gödel EL has a polynomial complexity [18],
Łukasiewicz EL has a higher complexity (E XPTIME) than the
crisp case [19], and in Product EL [20] positive subsumption
has a polynomial complexity [20], but standard subsumption is
an open problem. A reasoning algorithm for Gödel EL++ (D)
has been proposed [18], but it does not support equality assertions, inequality assertions, transitive roles, reflexive roles, and
local reflexivity concepts. Furthermore, although the syntax of
fuzzy GCIs is extended to the fuzzy case, the syntax of fuzzy
RIAs is not, making the language a little bit asymmetric.
The objective of this paper is to improve the practical
performance of the crisp representation reasoning algorithms
for fuzzy ontologies by considering reductions to tractable
crisp languages (in particular, we will study whether the
reduced ontologies correspond to some of the tractable OWL 2
profiles or not) and by assuming that not all concepts and
roles in fuzzy ontologies are indeed fuzzy. More precisely,
this paper provides the following contributions: (i) we identify
and correct some limitations of the language Fuzzy OWL 2
when it comes to represent crisp concepts, crisp roles, or
axioms with an upper bound degree of truth, (ii) we study
under which conditions the equivalent crisp representations
of fuzzy ontology languages correspond to a tractable OWL 2
profile, (iii) we propose some optimizations of the crisp representations of fuzzy axioms for particular cases involving crisp
concepts or roles, (iv) we introduce a preliminary algorithm
to classify some elements of a fuzzy ontology as crisp or
non-crisp, and (v) we perform an empirical evaluation over
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fuzzy OWL 2 EL ontologies studying the performance of
our learning algorithm and the impact of considering crisp
elements in crisp representation algorithms.
The remainder of this paper is organized as follows. Section II starts by providing some background on fuzzy logic
and fuzzy ontologies. Section III discusses some extensions
of the language Fuzzy OWL 2. Then, Section IV studies the
tractability of the crisp representations of fuzzy ontologies, and
Section V proposes particular cases of the crisp representations
for crisp ontology elements. Section VI proposes a learning
algorithm of the crispness and non-crispness of the fuzzy
ontology elements. Next, Section VII discusses the results of
an empirical evaluation of the impact of crisp elements in the
reasoning and of our learning algorithm. Finally, Section VIII
sets out some conclusions and ideas for future research.

TABLE I
C OMBINATION

α⊗β
α⊕β
α⇒β
α

Gödel logic
min(α, β)
(max(α, β)
1 if α ≤ β
β otherwise
(
1 if α = 0
0 otherwise

FUNCTIONS OF VARIOUS FUZZY LOGICS .

Łukasiewicz logic
max(α + β − 1, 0)
min(α + β, 1)
min(1 − α + β, 1)
1−α

Product logic
α·β
α
( +β−α·β
1
if α ≤ β
β/α otherwise
(
1 if α = 0
0 otherwise

Zadeh logic
min(α, β)
max(α, β)
max(1 − α, β)
1−α

residuum of every left-continuous t-norm [23]), so they hold
in Gödel, Łukasiewicz, and Product logics. Note that Product
logic is not compatible with the use of a finite chain of degrees
of truth, because a finite set is not closed under Product t-norm,
t-conorm, or implication.

II. P RELIMINARIES
In this section we review the main definitions and results
of fuzzy logic theory and fuzzy ontologies that will be used
in the rest of the paper.
A. Fuzzy logic
The reader is assumed to be familiar with fuzzy logic, but
we still find useful to include a quick overview. Fuzzy set
theory and fuzzy logic were proposed by Zadeh [6] to manage
imprecise and vague knowledge. A fuzzy subset A of X is
defined by a membership function µA (x), or simply A(x),
which assigns to every x ∈ X a degree of truth, measured as a
value in a truth space N . The truth space is usually N = [0, 1],
but it is also usual to take a finite chain of degrees of truth
{0 = γ0 < γ1 < · · · < γp = 1}, where p ≥ 1 [21], [22].
Fuzzy logics provide compositional calculi of degrees of
truth. The conjunction, disjunction, complement and implication operations are performed in the fuzzy case by a t-norm
function ⊗, a t-conorm function ⊕, a negation function
and an implication function ⇒, respectively. For a formal
definition of these functions we refer the reader to [23]. It
is useful to recall some basic properties of the implications
that will be used in this paper [24], namely 0 ⇒ α = 1
(P1), α ⇒ 1 = 1 (P2), and 1 ⇒ α = α (P3), where
α ∈ [0, 1]. Furthermore, a residual negation can be defined
as α = α ⇒ 0 (P4), for some implications ⇒.
A quadruple composed by a t-norm, a t-conorm, an implication function and a negation function determines a fuzzy
logic. One usually distinguishes three fuzzy logics, namely
Gödel, Łukasiewicz, and Product [23], due to the fact that
any continuous t-norm can be obtained as a combination of
Gödel, Łukasiewicz, and Product t-norm. It is also usual to
consider Zadeh logic [6], a subset of Łukasiewicz logic. The
fuzzy operators that form these logics are summarized in
Table I, where α, β ∈ [0, 1] are degrees of truth. We will
often use the subscripts G, Ł, Π and Z to indicate that an
operator belongs to Gödel, Łukasiewicz, Product and Zadeh
fuzzy logics, respectively.
Properties (P1)–(P2) are satisfied by every fuzzy implication. (P3)–(P4) are not satisfied in general, but they hold in
Zadeh fuzzy logic and for every R-implication (i.e., for the

B. The Fuzzy DLs OWL 2 DL, OWL 2 EL, OWL 2 QL and
OWL 2 RL
In this section, we define the fuzzy DLs that we will use
in this paper. They are fuzzy versions of the DLs behind
the classical language OWL 2 DL and its three profiles
OWL 2 EL, OWL 2 QL and OWL 2 RL. For simplicity,
we will refer to these logics using the equivalent ontology
language rather than the usual DL naming1 .
1) Syntax: The main ingredients of fuzzy DLs are fuzzy
concepts (or classes), which denote unary predicates, fuzzy
properties (or roles), which denote binary predicates, individuals (or instances), and fuzzy datatypes (fuzzy membership
functions). Axioms are formal statements combining the previous elements to represent the knowledge of some particular
domain. A fuzzy Knowledge Base (or fuzzy Ontology) is a finite
set of axioms.
Individuals are split into two categories: abstract individuals, that are instances of the concepts, and concrete individuals
(or data values), that belong to concrete domains (or datatypes)
which are already structured and whose structure is already
known to the machine, such as integers, reals, or strings.
Similarly, roles are split into two categories: abstract roles
(or object properties), that link two abstract individuals, and
concrete roles (or data properties), that relate an abstract
individual and a data value.
The syntax of a fuzzy DL is determined by the available
constructors for building complex concepts and roles from
simpler ones, and by the available axioms. The second column
of Table II summarizes the syntax of fuzzy OWL 2 DL using
the following notation: A denotes a fuzzy atomic concept
(or fuzzy concept name), C is a fuzzy (possibly complex)
concept, R is a fuzzy object property, S is a simple fuzzy
object property2 , T is a fuzzy data property, a is an abstract
individual, v is a concrete value, d is a unary fuzzy datatype,
α is a degree of truth, n, m are natural numbers, and m > 2.
1 While OWL 2 DL is equivalent to the DL SROIQ(D), the names
of the DLs behind the profiles are not clear. For example, the DL behind
OWL 2 EL is an extension of the logic EL++ (D) including, e.g., local
reflexivity concepts.
2 Simple roles are roles subject to some additional syntactic restrictions to
keep decidability, see [16] for details.
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To avoid tautologies, in axioms of the form hτ ≥ αi we will
assume α 6= 0, and in axioms of the form hτ ≤ αi we will
assume α 6= 1.
The syntax of the concepts and roles is the same as in crisp
OWL 2 DL. The syntax of the axioms is similar to the crisp
case, but in the fuzzy case it is possible to specify a degree
of truth in some cases, namely (A1)–(A4), (A8), (A15), and
(A17). Furthermore, axioms (A29)-(A30) allow crisp concepts
and roles in fuzzy ontologies. Fuzzy ontology axioms must
satisfy some additional syntactic restrictions involving simple
roles, see [13] for details.
A fuzzy ontology can have classical datatypes but also fuzzy
datatypes [5]. In this paper, we will restrict our attention to
trapezoidal trapq1 ,q2 ,q3 ,q4 , left-shoulder lef tq1 ,q2 and rightshoulder rightq1 ,q2 fuzzy membership functions defined over
a numerical datatype domain (see Figure 1).
Table II also shows how to define fuzzy extensions of the
OWL 2 profiles. The columns “DL”, “EL”, “QL”, “RL” refer
to OWL 2 DL, OWL 2 EL, OWL 2 QL, and OWL 2 RL,
respectively. The symbol + denotes that the element is supported, the symbol − denotes that it is not, and the symbol
! denotes that it is partially supported, with some restrictions.
For example, in OWL 2 RL disjunctions (C5) can appear as
a part of a subsumer concept but not as part of a subsumed
concept. In other cases, a syntactical restriction is placed in
the corresponding cell: OWL 2 EL only allows singleton
nominals, OWL 2 QL does not allow role chains in RIAs,
and OWL 2 RL limits the use of the top concept to existential
and value restrictions and assumes the the values 0 or 1 in at
most cardinality restrictions.
These fuzzy versions of the OWL 2 profiles must satisfy
some additional restrictions:
• In fuzzy OWL 2 EL, if a fuzzy ontology O contains an
axiom hR11 . . . R1m v R2 ≥ αi and a range restriction
ran(R2 , C), then O must also contain ran(R1m , C).
• In fuzzy OWL 2 EL and QL, axioms (A1) are restricted
to the case hτ ≥ αi; hτ ≤ αi is not allowed because it
does not have an equivalent in the crisp OWL 2 profiles.
• For the same reason, in fuzzy OWL 2 QL axioms (A2)
are restricted to hτ ≥ αi.
Remark 2.1: In OWL 2 DL two important types of axioms that we will not consider here for simplicity can be
represented: a disjoint union of concepts disUni(C1 , . . . , Cm )
is equivalent to the pair of axioms C1 ≡ (C2 t · · · t Cm )
and dis(C2 , . . . , Cm ), and an inverse functional role axiom
invFun(R) is equivalent to the pair of axioms inv(R, R0 ) and
fun(R0 ).
2) Semantics: The semantics of the logic is defined using a
fuzzy interpretation relative to a fuzzy datatype theory and to
a fuzzy logic. A fuzzy datatype theory D = h∆D , · D i consists
of a datatype domain ∆D and a mapping · D that assigns to
each data value an element of ∆D , and to every unary fuzzy
datatype d a unary function from (∆D ) to N . The semantics
of our fuzzy datatypes is shown in Figure 1.
A fuzzy interpretation I = (∆I , ·I ) relative to D consists
of a nonempty set ∆I (the domain) disjoint from ∆D , and of
a fuzzy interpretation function ·I that coincides with · D on
every data value and fuzzy datatype, and it assigns:

to each individual a an element aI ∈ ∆I ;
I
I
• to each fuzzy atomic concept A a function A : ∆ →
N;
• to each fuzzy atomic object property R a function
RI : ∆I × ∆I → N ;
• to each fuzzy atomic data property T a function
T I : ∆ I × ∆D → N ;
In fuzzy DLs, the set of degrees of truth is usually
N = [γ0 , γp ] = [0, 1]. In this paper, we will consider
finite fuzzy DLs (except in SectionVI), where N is a finite
chain of degrees of truth {γ0 . . . γp }. Given a fuzzylogic, the
interpretation function is extended to fuzzy complex concepts,
complex roles and axioms as in Table III.
Remark 2.2: The semantics of domain and range role
axioms is derived from viewing them as axioms of the form
h∃R.> v C ≥ 1i and h> v ∀R.C ≥ 1i, respectively,
under an R-implication. These axioms are the extension to
the fuzzy case of the statements “if RI (x, y) then C I (x)”
and “if RI (x, y) then C I (y)”, respectively. Furthermore, note
that h∃R.> v C ≥ 1i is equivalent to h> v ∀R− .C ≥ 1i.
Remark 2.3: Under an R-implication, C1 ≡ C2 can be
replaced by the pair of axioms hC1 v C2 ≥ 1i and
hC2 v C1 ≥ 1i. However, this is not the case for other
implications, such as Kleene-Dienes implication.
3) Reasoning Tasks: A fuzzy ontology O is consistent iff
it has a model, i.e., there is a fuzzy interpretation satisfying
every axiom in O. There are other reasoning tasks in fuzzy
ontologies, such as subsumption, classification (computing the
complete class hierarchy based on the subsumption relation
between the ontology classes), entailment, concept satisfiability, or Best Entailment Degree (BED) but they are usually
inter-definable. It can be shown that if the number of degrees
is finite, every reasoning task can be reduced to consistency
checking. Entailment, concept satisfiability and subsumption
in Zadeh and Łukasiewicz can be reduced to a single consistency test, while subsumption in other logics and BED can
be solved using a binary search in the finite set of degrees of
truth [16].
If the set of degrees of truth is not finite, reasoning is
undecidable for several fuzzy DLs in the presence of GCIs.
This is the case in Łukasiewicz [25] and Product fuzzy
DLs [26]. However, this is not the case in Zadeh [5] and Gödel
DLs [20], or in Łukasiewicz and Product DLs with a restricted
TBox [25].
•

III. F UZZY OWL 2: L IMITATIONS AND E XTENSIONS
The previous syntax based on fuzzy DLs is not appropriate
to represent fuzzy ontologies in practice. In such scenarios,
fuzzy ontology languages are needed. One of the most popular
fuzzy ontology languages is Fuzzy OWL 2, which consists
on extending OWL 2 ontologies with OWL 2 annotations
encoding fuzzy information using a XML-like syntax [27].
The key idea of this representation is to start with an OWL 2
ontology created as usual, with a classical ontology editor.
Then, the user can annotate the elements to represent the
features of the fuzzy ontology that OWL 2 cannot directly
encode. In our case, it is possible to annotate fuzzy axioms
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TABLE II
S YNTAX OF CONCEPTS , ROLES , AND AXIOMS IN FUZZY OWL 2 DL.
Concept
DL
EL
QL
Atomic concept
+
+
+
+
+
Top concept
+
+
+
Bottom concept
+
+
!
Conjunction
+
Disjunction
+
Negation
+
!
Universal restriction
+
Existential restriction
+
!
+
Value restriction
+
+
+
Concrete universal restriction
+
Concrete existential restriction
+
+
+
+
Concrete value restriction
+
Nominal
+
{o}
At-least cardinality restriction
+
At-most cardinality restriction
+
+
Exact cardinality restriction
Concrete at-least restriction
+
Concrete at-most restriction
+
Concrete exact restriction
+
Local reflexivity
+
+
EL
QL
Role
DL
(R1)
RA
Atomic role
+
+
+
(R2)
U
Universal role
+
+
+
Axiom
DL
EL
QL
(A1)
ha : C{≥, ≤}αi
Concept assertion
+
≥
C = C1, ≥
Role assertion
+
≥
(A2)
h(a1 , a2 ) : R{≥, ≤}αi
+
(A3)
h(a1 , a2 ) : ¬R{≥, ≤}αi
+
Negative role assertion
+
(A4)
h(a, v) : T {≥, ≤}αi
+
Concrete role assertion
+
+
Negative concrete role assertion
+
+
(A5)
h(a, v) : ¬T {≥, ≤}αi
+
(A6)
a1 = a2
Equality assertion
+
+
(A7)
a1 6= a2
Inequality assertion
+
+
+
(A8)
hC1 v C2 ≥ αi
General Concept Inclusion (GCI)
+
+
[2]
(A9)
C1 ≡ C2
Concept equivalence
+
+
[4]
(A10) dis(C1 , . . . , Cm )
+
Disjoint concepts
+
[4]
(A11) dom(R, C)
Domain role axiom
+
+
[7]
(A12) ran(R, C)
+
Range role axiom
+
[7]
Domain concrete role axiom
+
+
(A13) dom(T, d)
+
Range concrete role axiom
+
+
(A14) ran(T, d)
+
(A15) hR11 . . . R1m v R2 ≥ αi
Role Inclusion Axiom (RIA)
+
+
n=1
(A16) R1 ≡ R2
Role equivalence
+
+
+
(A17) hT1 v T2 ≥ αi
Concrete RIA
+
+
+
(A18) T1 ≡ T2
Concrete role equivalence
+
+
+
(A19) inv(R1 , R2 )
+
Inverse roles
+
(A20) fun(R)
Functional role
+
(A21) fun(T )
Functional concrete role
+
+
(A22) trans(R)
Transitive role
+
+
(A23) dis(S1 , . . . , Sm )
+
Disjoint roles
+
(A24) dis(T1 , . . . , Tm )
+
Disjoint concrete roles
+
(A25) ref(R)
Reflexive role
+
+
+
(A26) irr(S)
Irreflexive role
+
+
(A27) sym(R)
Symmetric role
+
+
(A28) asy(S)
Asymmetric role
+
+
(A29) crisp(C)
Crisp concept
+
+
+
+
+
(A30) crisp(R)
Crisp role
+
[1]: C ∈ {C1, C3–C4, C6–C7, C9, C11–C12, C15}
[2]: C1 ∈ {C1–C3, C8(C = >), C9, C11}, C2 ∈ {C1–C4, C6, C8–C9, C11}
[3]: C1 ∈ {C1, C3–C5, C8–10, C12–C13, C18}, C2 ∈ {C1, C3–C4, C6–C7, C9, C11–C12, C15}
[4]: Ci ∈ {C1–C3, C8(C = >), C9, C11}
[5]: Ci ∈ {C1, C3–C4, C9, C12}
[6]: Ci ∈ {C1, C3–C5, C8–10, C12–C13, C18}
[7]: C ∈ {C1–C4, C6, C8–C9, C11}
(C1)
(C2)
(C3)
(C4)
(C5)
(C6)
(C7)
(C8)
(C9)
(C10)
(C11)
(C12)
(C13)
(C14)
(C15)
(C16)
(C17)
(C18)
(C19)
(C20)

A
>
⊥
C1 u C2
C1 t C2
¬C
∀R.C
∃R.C
∃R.{a}
∀T.d
∃T.d
∃T.{v}
{a1 , . . . , an }
≥ n S.C
≤ n S.C
= n S.C
≥ n T.d
≤ n T.d
= n T.d
∃S.Self

by adding a lower bound degree of truth. In more expressive
fuzzy DLs it is also possible to represent fuzzy datatypes,
fuzzy modifiers, and other fuzzy concepts and roles that do
not have an equivalent in the classical case, namely aggregated concepts, fuzzy nominals, and fuzzy modified roles. In
order to separate the annotations including fuzzy information
from other annotations, a special annotation property called
fuzzyLabel is used, and every annotation is identified by
the tag fuzzyOwl2. There is a Protégé plug-in making the
syntax of the annotations transparent to the users3 :
However, we have identified some limitations in Fuzzy
OWL 2.
• On the one hand, it is not possible to specify that a
concept or a role should be interpreted as crisp. This is
a problem because in real-life fuzzy ontologies, not all
3 http://webdiis.unizar.es/∼fbobillo/fuzzyOWL2

•

RL
+
In C8, C15
+
+
!
!
!
!
+
!
!
+
!
n ∈ {0, 1}
n ∈ {0, 1}
RL
+
RL
[1]
+
+
+
+
+
+
[3]
[5]
[6]
[1]
[1]
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+

elements need to be interpreted as fuzzy. Furthermore,
as we will show in this paper, treating some elements
as crisp improves the performance of the fuzzy ontology reasoners based on the reduction and optimizations
proposed in this paper, such as DeLorean [28].
On the other hand, it is not possible to specify an upper
degree for a concept assertion. This is not needed in
Zadeh or Łukasiewicz fuzzy DLs, because ha : C ≤ αi
is equivalent to ha : ¬C ≥ 1 − αi. However, this is a
problem in Gödel and Product fuzzy DLs. Indeed, it has
been shown that Gödel and Product fuzzy DLs without
fuzzy assertions of the form ha : C ≤ αi are not really
fuzzy, in the sense that a fuzzy ontology has a fuzzy
model only if the ontology that is obtained by replacing
any axiom hτ ≥ αi with τ has a model [26].

As a solution, we propose an extension of Fuzzy OWL 2 to
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TABLE III
S EMANTICS OF COMPLEX CONCEPTS , COMPLEX ROLES ,

(C2)
(C3)
(C4)
(C5)
(C6)
(C7)
(C8)
(C9)
(C10)
(C11)
(C12)
(C13)
(C14)
(C15)
(C16)
(C17)
(C18)
(C19)
(C20)
(R2)
(A1)
(A2)
(A3)
(A4)
(A5)
(A6)
(A7)
(A8)
(A9)
(A10)
(A11)
(A12)
(A13)
(A14)
(A15)
(A16)
(A17)
(A18)
(A19)
(A20)
(A21)
(A22)
(A23)
(A24)
(A25)
(A26)
(A27)
(A28)
(A29)
(A30)

AND AXIOMS IN FUZZY

OWL 2 DL.

Concept
γp
γ0
C1I (x) ⊗ C2I (x)
C1I (x) ⊕ C2I (x)
C I (x)
supy∈∆I {RI (x, y) ⊗ C I (y)}
inf y∈∆I {RI (x, y) ⇒ C I (y)}
RI (x, aI )
inf v∈∆D {T I (x, v) ⇒ dD (v)}
supv∈∆D {T I (x, v) ⊗ dD (v)}
T I (x, vD )
I
γp if x ∈ {aI
1 , . . . , an }, γ0 otherwise
N
I
I
supy1 ,...,yn ∈∆I {(minn
(⊗j<k {yj 6= yk })}
i=1 {S (x, yi ) ⊗ C (yi )})
n+1
I
I
inf y1 ,...,yn+1 ∈∆I {(mini=1 {S (x, yi ) ⊗ C (yi )}) ⇒ (⊕j<k {yj = yk })}
(≥ n S.C I (x)) ⊗ (≤ n S.C I (x))
N
I
supv1 ,...,vn ∈∆D {(minn
(⊗j<k {yj 6= yk })}
i=1 {T (x, vi ) ⊗ dD (vi )})
n+1
I
inf v1 ,...,vn+1 ∈∆D {(mini=1 {T (x, vi ) ⊗ dD (vi )}) ⇒ (⊕j<k {yj = yk })}
(≥ n T.dI (x)) ⊗ (≤ n T.dI (x))
S I (x, x)
Role
γp
Axiom
C I (aI ){≥, ≤}α
I
I
I
R (a1 , a2 ){≥, ≤}α
I
RI (aI
1 , a2 ){≥, ≤}α
T I (aI , vD ){≥, ≤}α
T I (aI , vD ){≥, ≤}α
aI = bI
aI 6= bI
inf x∈∆I {C1I (x) ⇒ C2I (x)} ≥ α
∀x ∈ ∆I , C1I (x) = C2I (x)
∀x ∈ ∆I , min1≤i<j≤m {CiI (x), CjI (x)} = γ0
∀x, y ∈ ∆I , RI (x, y) ≤ C I (x)
∀x, y ∈ ∆I , RI (x, y) ≤ C I (y)
∀x ∈ ∆I , v ∈ ∆D , T I (x, v) ≤ C I (x)
∀x ∈ ∆I , v ∈ ∆D , T I (x, v) ≤ dD (v)
I (x , x
I
inf x1 ,xm+1 ∈∆I {supx2 ...xm ∈∆I {R1I (x1 , x2 ) ⊗ · · · ⊗ Rm
m
m+1 )} ⇒ R (x1 , xn+1 )} ≥ α
∀x, y ∈ ∆I , R1I (x, y) = R2I (x, y)
inf x∈∆I ,v∈∆D T1I (x, v) ⇒ T2I (x, v) ≥ α
∀x ∈ ∆I , v ∈ ∆D , T1I (x, v) = T2I (x, v)
∀x, y ∈ ∆I , RI (x, y) = RI (y, x)
∀x, y1 , y2 ∈ ∆I , if min{RI (x, y1 ), RI (x, y2 )} > γ0 then y1 = y2
∀x ∈ ∆I , v1 , v2 ∈ ∆D , if min{T I (x, v1 ), T I (x, v2 )} > γ0 then v1 = v2
∀x, y ∈ ∆I , RI (x, y) ≥ supz∈∆I RI (x, z) ⊗ RI (z, y)
∀x, y ∈ ∆I , min1≤i<j≤m {SiI (x, y), SjI (x, y)} = γ0
∀x ∈ ∆I , v ∈ ∆D , min1≤i<j≤m {TiI (x, v), TjI (x, v)} = γ0
∀x ∈ ∆I , RI (x, x) = γp
∀x ∈ ∆I , S I (x, x) = γ0
∀x, y ∈ ∆I , RI (x, y) = RI (y, x)
∀x, y ∈ ∆I , if S I (x, y) > γ0 then S I (y, x) = γ0
∀x ∈ ∆I , C I (x) ∈ {0, 1}
∀x, y ∈ ∆I , RI (x, y) ∈ {0, 1}

support both features. Firstly, we will address the possibility
of differentiating between fuzzy and crisp elements in a fuzzy
ontology. In Fuzzy OWL 2, we propose to interpret concepts
and roles as fuzzy by default. Interpreting concepts and roles
as crisp by default would be possible but not backwards compatible with existing fuzzy ontologies. In order to consider an
element as crisp, we propose to annotate it with an annotation
stating so. Such an annotation is not allowed if a concept or
role does not have an equivalent in the classical case and there
is another annotation specifying its fuzzy type (for example,
indicating that it is an aggregated concept). In particular, we
propose the following syntax for crisp concepts:
<fuzzyOwl2 fuzzyType="concept">
<Concept type="crisp" />
</fuzzyOwl2>

Similarly, we propose the following syntax for crisp roles:
<fuzzyOwl2 fuzzyType="role">
<Role type="crisp" />
</fuzzyOwl2>

Example 3.1: To state that the concept Human in a fuzzy
ontology must be interpreted as crisp, we annotate the concept
Human as:
<AnnotationAssertion>
<AnnotationProperty IRI=’#fuzzyLabel’/>
<IRI>#Human</IRI>
<Literal datatypeIRI=’&rdf;PlainLiteral’>
<fuzzyOwl2 fuzzyType="concept">
<Concept type="crisp" />
</fuzzyOwl2>
</Literal>
</AnnotationAssertion>
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Secondly, we must provide a way of representing upper
bounds for the degree of truth of some axioms, namely
concept assertions and, if the equivalent crisp language support
negative property assertions, property assertions as well. The
syntax is the following one:
<fuzzyOwl2 fuzzyType="axiom">
<Degree maxValue="<DOUBLE>" />
</fuzzyOwl2>

Example 3.2: The fuzzy concept assertion hbob:Tall≤
0.8i is represented by annotating the classical axiom
bob:Tall as follows:
<ClassAssertion>
<Class IRI=’#Tall’/>
<NamedIndividual IRI=’#bob’/>
<Annotation>
<AnnotationProperty IRI=’#fuzzyLabel’/>
<Literal datatypeIRI=’&rdf;PlainLiteral’>
<fuzzyOwl2 fuzzyType="axiom">
<Degree maxValue="0.8" />
</fuzzyOwl2>
</Literal>
</Annotation>
</ClassAssertion>

Finally, although Fuzzy OWL 2 makes it possible to specify
the fuzzy logic to be considered in the semantics, the restriction is currently restricted to Łukasiewicz and Zadeh fuzzy
logics. Indeed, an OWL 2 ontology can currently be annotated
as follows:
<fuzzyOwl2 fuzzyType="ontology">
<FuzzyLogic logic=<FUZZY_LOGIC> />
</fuzzyOwl2>
<FUZZY_LOGIC> := "lukasiewicz" | "zadeh"

We propose to extend the syntax to support other families
of fuzzy operators, such as "goedel" and "product".
IV. R EDUCTION TO C LASSICAL T RACTABLE DL S
Several different families of algorithms to reason with fuzzy
DLs have been proposed in the literature [5]. In this paper, we
will focus on the reduction to classical DLs. The idea is to
reduce a fuzzy reasoning task to a polynomial number (often
just one) of crisp DL reasoning tasks. If the number of degrees
is finite, it is possible to simulate fuzzy concepts and fuzzy
roles using several binary sets and relations (α-cuts). This way,
every axiom in the fuzzy ontology can be represented using
these α-cuts. It can be shown that a fuzzy KB is consistent if
and only if its equivalent crisp KB is. A consequence of the
reduction to classical DLs is the possibility to reuse classical
resources: editors, tools, reasoners, etc.
This family includes algorithms for Zadeh OWL 2 DL [13],
finite Gödel OWL 2 DL [14], finite Łukasiewicz
OWL 2 DL [15], and any finite t-norm-based OWL 2 DL [16].
Optimized formulations of these reductions can be found
in [29], [30]. DeLorean reasoner implements a reasoning
algorithm for fuzzy OWL 2 DL using Zadeh, finite Gödel,
and finite Łukasiewicz fuzzy logics [28]. We will start
by summarizing the reduction of finite fuzzy OWL 2 DL
described in the literature. Then, we will analyze the
tractability of their profiles.

A. Reduction of Finite Fuzzy OWL 2 DL ontologies
Let A be the set of atomic fuzzy concepts and R the set
of fuzzy roles in a fuzzy KB K. For each α ∈ N \ {γ0 } and
each A ∈ A, a new atomic concept A≥α is introduced. A≥α
represents the crisp set of individuals which are instance of
A with degree higher or equal than α, i.e, the α-cut of A.
Similarly, for each α ∈ N \ {γ0 } and each R ∈ R, a new
role R≥α is created. The semantics of these newly introduced
atomic concepts and roles is preserved by some terminological
and role axioms. For each 1 ≤ i ≤ p − 1 and each A ∈ A,
T (N ) is the smallest terminology containing these axioms:
A≥γi+1 v A≥γi

(1)

Similarly, for each 1 ≤ i ≤ p − 1 and R ∈ R, R(N )
contains:
R≥γi+1 v R≥γi
(2)
Now we have to reduce fuzzy concept and role expressions.
This can be done by using mapping crisp, defined in
Table IV. Given a fuzzy concept C, crisp(C, ≥ α) is the
α-cut of C. The case for roles is similar. For every i < p,
we write +γi to denote the successor of a degree, i.e.,
+γi = γi+1 , so note that crisp(C, > α) can be represented
as crisp(C, ≥ +α). Note that our expressions of the form
crisp(C, ≥ γ1 ), and crisp(C, ≥ +γ2 ) are well defined
because we always have γ1 > 0 and γ2 < 1.
Table IV uses the following notation. − (α) = max{γ ∈
N | γ ≥ α}. Note that α > 0 implies − (α) < 1, since
1 = 0 < α. We also use O⊗ (α) to denote the set of all
pairs (α1 , α2 ) ∈ N \ {γ0 } satisfying α1 ⊗ α2 ≥ α and being
minimal w.r.t. the component-wise ordering on N 2 . O⊕ (α) is
n
(α)
defined in a similar way with respect to ⊕. We denote O⊗
the extension of O⊗ (α) to n-tuples, that is, the minimal set of
n-tuples (α1 , . . . , αn ) ∈ N \{γ0 } satisfying α1 ⊗· · ·⊗αn ≥ α
and being minimal w.r.t. the component-wise ordering on N n .
Finally, we use O⇒ (α) to denote the set of all pairs (α1 , α2 ) ∈
N satisfying α1 ⇒ α2 < α and such that α1 is minimal and
α2 is maximal. Note that α1 > 0 since 0 ⇒ α2 = 1 ≥ α (P1)
and that α2 < 1 since α1 ⇒ 1 = 1 ≥ α (P2).
Table IV does not include cardinality restrictions. The
reason is that it has recently been shown that the currently
known reductions for logics different than Zadeh and finite
Gödel are not correct [30]. In Zadeh and finite Gödel, the
reductions of these concepts are:
• crisp(≥G,Z n S.C, ≥ α)
=
≥ n crisp(S, ≥ α).crisp(C, ≥ α)
• crisp(≤G n S.C, ≥ α)
=
≤ n crisp(S, ≥ γ1 ).crisp(C, S, ≥ γ1 )
• crisp(≤Z n S.C, ≥ α)
=
≤ n crisp(S, ≥ +(1 − α)).crisp(C, ≥ +(1 − α))
Table IV does not consider neither data properties nor
concepts or axioms using them. For simplicity, data properties
will not be considered in the rest of this paper. For our
purposes, they are treated almost as object properties. The only
difference is that in the crisp representations of some concepts
and axioms involving data properties, the crisp representation
of a (possibly fuzzy) datatype appears. Since the reduction of
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TABLE IV
M APPING

(C1)
(C2)
(C3)
(C4)
(C5)
(C6)
(C7)
(C8)
(C9)
(C13)
(C20)
(R1)
(R2)

OF CONCEPT AND ROLE EXPRESSIONS IN FUZZY

Mapping of fuzzy concept
crisp(A, ≥ α)
crisp(>, ≥ α)
crisp(⊥, ≥ α)
crisp(C1 u C2 , ≥ α)
crisp(C1 t C2 , ≥ α)
crisp(¬C, ≥ α)
crisp(∀R.C, ≥ α)
crisp(∃R.C, ≥ α)
crisp(∃R.{a}, ≥ α)
crisp({a}, ≥ α)
crisp(∃S.Self, ≥ α)
Mapping of fuzzy role
crisp(R, ≥ α)
crisp(U, ≥ α)

Crisp representation
A≥α
>
⊥

t(α1 ,α2 )∈O⊗ (α) crisp(C1 , ≥ α1 ) u crisp(C2 , ≥ α2 )
t(α1 ,α2 )∈O⊕ (α) crisp(C1 , ≥ α1 ) u crisp(C2 , ≥ α2 )
¬crisp(C, ≥ + − (α))

u(α1 ,α2 )∈O⇒ (α) ∀crisp(R, ≥ α1 ).crisp(C, ≥ +α2 )
t(α1 ,α2 )∈O⊗ (α) ∃crisp(R, ≥ α1 ).crisp(C, ≥ α2 )
∃crisp(R, ≥ α).{a}
{a}
∃crisp(S, ≥ α).Self
Crisp representation
R≥α
U

a crisp datatype is the crisp datatype itself, it only remains to
define crisp(d, ≥ α) for the supported fuzzy datatypes:
•

•
•

OWL 2 DL.

crisp(trapq1 ,q2 ,q3 ,q4 , ≥ α) = xsd:real[>= i1] u
xsd:real[<= i2], where i1 = q1 + α(q2 − q1 ), i2 =
q4 − α(q4 − q3 )
crisp(lef tq1 ,q2 , ≥ α) = xsd:real[<= iL], where
iL = q2 − α(q2 − q1 )
crisp(rightq1 ,q2 , ≥ α)
= xsd:real[>= iR],
where iR = q1 + α(q2 − q1 )

The meaning of the parameters i1, i2, iL, iR is illustrated
in Figure 1 for the case α = γ2 . xsd:real[>= x] and
xsd:real[<= x] are OWL 2 crisp datatypes in Manchester
syntax, e.g., xsd:real[>= x] are real numbers greater or
equal than x.
Axioms are reduced as in Table V, where crisp(τ ) maps
a fuzzy axiom τ into a crisp axiom or a set of crisp axioms,
and vRimp denotes a GCI under an R-implication. Axioms
(A29)–(A30) are not translated but can be important in the
reduction, as shown in Section V.
A fuzzy
S KB K is reduced into a KB crisp(K) = hT (N ) ∪
R(N ) ∪ τ ∈K crisp(τ )i.
Example 4.1: Consider a fuzzy ontology K = {hA v
A u B ≥ 0.67i}. Assume finite Łukasiewicz semantics
and the set of degrees of truth {0, 0.33, 0.67, 1}. The crisp
representation of the ontology must consider the crisp concepts A≥0.33 , A≥0.67 , A≥1 , B≥0.33 , B≥0.67 , and B≥1 , which
produce the GCIs A≥0.67 v A≥0.33 , A≥1 v A≥0.67 ,
B≥0.67 v B≥0.33 , and B≥1 v B≥0.67 . Now we have
to reduce the only axiom in K. Since O⇒ (0.67) =
{(0.67, 0), (1, 0.33)}, the axiom produces 2 GCIs A≥0.67 v
crisp(A u B, ≥ 0.33) and A≥1 v crisp(A u B, ≥ 0.67).
It remains to compute the reductions of the conjunction concepts. Since O⊗ (0.33) = {(0.33, 1), (0.67, 0.67), (1, 0.33)}
and O⊗ (0.67) = {(0.67, 1), (1, 0.67)}, the original fuzzy GCI
is reduced into the set {A≥0.67 v (A≥0.33 u B≥1 ) t (A≥0.67 u
B≥0.67 ) t (A≥1 u B≥0.33 ), A≥1 v (A≥0.67 u B≥1 ) t (A≥1 u
B≥0.67 )}.
The reductions of the fuzzy concepts (C4)–(C8) and the
axioms (A3), (A5), (A8), (A15), and (A22) depend on the

functions O⊗ (α), O⊕ (α), O (α), and O⇒ (α), which are
different for every particular fuzzy logic. Table VI shows
the special cases of Zadeh and finite Gödel DLs, where the
reduction usually gets simpler.
B. Tractability of the Reductions of Finite Fuzzy OWL 2 DL
ontologies
This section extends the preliminary results in [31]. Our
results hold for the reduction in Section IV-A but not for every
possible reduction. To begin with, the following observations
must be stressed:
• In general, a fuzzy concept is reduced to a crisp concept
of the same type. However, there are some exceptions:
– The reduction of a fuzzy conjunction (C4) usually
introduces a disjunction concept, but not in Zadeh
and finite Gödel.
– The reduction of a fuzzy disjunction (C5) usually
introduces a conjunction concept, but not in Zadeh
and finite Gödel.
– The reduction of a fuzzy universal restriction (C7)
usually introduces a conjunction concept, but not in
Zadeh.
– The reduction of a fuzzy existential restriction (C8)
usually introduces a disjunction concept, but not in
Zadeh and finite Gödel.
• In general, the reduction of a fuzzy axiom involving a
fuzzy concept usually produces a concept of the same
type, but there is an exception:
– The reduction of a fuzzy concept assertion (A1) of
the form hτ ≤ αi introduces a negation concept.
• In general, a fuzzy axiom is reduced to one or several
crisp axioms of the same type. However, there are some
exceptions:
– The reduction of a fuzzy property assertion (A2),
(A4) of the form hτ ≤ αi introduces a negative
property assertion.
– The reduction of a fuzzy negative property assertion
(A3), (A5) of the form hτ ≤ αi introduces a (nonnegative) property assertion.
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(a)

(b)

(c)

Fig. 1. Finite version of the (a) trapezoidal function; (b) left-shoulder function; (c) right shoulder function.

TABLE V
R EDUCTION OF THE AXIOMS IN FUZZY OWL 2 DL.

(A1)
(A1)
(A2)
(A2)
(A3)
(A3)
(A6)
(A7)
(A8)
(A9)
(A10)
(A11)
(A12)
(A15)

Mapping of fuzzy axiom
crisp(ha : C ≥ αi)
crisp(ha : C ≤ αi)
crisp(h(a, b) : R ≥ αi)
crisp(h(a, b) : R ≤ αi)
crisp(h(a, b) : ¬R ≥ αi)
crisp(h(a, b) : ¬R ≤ αi)
crisp(a = b)
crisp(a 6= b)
crisp(hC1 v C2 ≥ αi)
crisp(C1 ≡ C2 )
crisp(dis(C1 , . . . , Cm ))
crisp(dom(R, C))
crisp(ran(R, C))
crisp(hR11 . . . R1m v R2 ≥ αi)

(A16)
(A19)
(A20)
(A22)
(A23)
(A25)
(A26)
(A27)
(A28)

crisp(R1 ≡ R2 )
crisp(inv(R1 , R2 ))
crisp(fun(R))
crisp(trans(R))
crisp(dis(S1 , S2 ))
crisp(ref(R))
crisp(irr(S))
crisp(sym(R))
crisp(asy(S))

Crisp representation
a : crisp(C, ≥ α)
a : ¬crisp(C, ≥ +α)
(a, b) : crisp(R, ≥ α)
(a, b) : ¬crisp(R, ≥ +α)
(a, b) : ¬crisp(R, ≥ + − (α))
(a, b) : crisp(R, ≥ + − (+α))
a=b
a
S6= b
{crisp(C1 , ≥ α1 ) v crisp(C2 , ≥ +α2 )}
S(α1 ,α2 )∈O⇒ (α)
α∈N \{γ0 } {crisp(C1 , ≥ α) ≡ crisp(C2 , ≥ α)}
dis(crisp(C
1 , ≥ γ1 ), crisp(C2 , ≥ γ1 ))
S
{dom(crisp(R,
≥ α), crisp(C, ≥ α))}
Sα∈N \{γ0 }
{ran(crisp(R,
≥ α), crisp(C, ≥ α))}
α∈N
\{γ
}
0
S
n (γ),(γ,α )∈O (α) {crisp(R11 , ≥ α11 ) . . .
(α11 ,...α1m )∈O⊗
⇒
2
Scrisp(R1m , ≥ α1m ) v crisp(R2 , ≥ +α2 )}
Sα∈N \{γ0 } {crisp(R1 , ≥ α) ≡ crisp(R2 , ≥ α)}
α∈N \{γ0 } {inv(crisp(R1 , ≥ α), crisp(R2 , ≥ α))}
fun(crisp(R, ≥ γ1 ))
crisp(hRR vRimp R ≥ 1i)
dis(crisp(S1 , ≥ γ1 ), crisp(S2 , ≥ γ1 ))
ref(crisp(R, ≥ γp ))
irr(crisp(S,
≥ γ1 ))
S
α∈N \{γ0 } {sym(crisp(R, ≥ α))}
asy(crisp(S, ≥ γ1 ))

– The reduction of a transitive role axiom (A22) usually introduces several RIAs, but not in Zadeh and
finite Gödel.
• The reduction of a fuzzy ontology introduces new GCIs
and RIAs with m = 1.
• The reduction of the supported fuzzy datatypes produces
a negative inequality (left-shoulder function), a positive
inequality (right-shoulder function) or a crisp intersection
of both (trapezoidal function).
In the rest of this section, we will study whether the reductions of fuzzy ontologies in the fuzzy versions of tractable languages produce ontologies in the tractable profiles of OWL 2.
Definition 4.1: A fuzzy DL language X is closed under
reduction iff the crisp representation of a fuzzy ontology in X
is in the (crisp) DL language X .
Let us start with the case of fuzzy datatypes. The crisp
OWL 2 profiles admit only equality in datatype expressions
to guarantee tractability [32]. Hence, fuzzy DLs including
the presented fuzzy datatypes are not closed under reduction.

However, it has been shown that it is possible to keep
tractability by having both equalities and inequalities in the
left-side of the TBox axioms but only equalities and either
positive or negative inequalities (but not both) in the rightside of the axioms [32]. Thus, trapezoidal functions are indeed
not tractable, but left and right shoulder functions could be
reconsidered in future extensions of the current crisp tractable
languages. The fact that triangular membership functions are
not tractable but left and right-shoulder functions could be has
also been observed in [18]. In the rest of this section, we will
assume that there are no fuzzy datatypes.
Recall that fuzzy OWL 2 EL does not syntactically allow
axioms (A1) of the form hτ ≤ αi and that fuzzy OWL 2 QL
does not syntactically allow axioms (A1)–(A2) of the form
hτ ≤ αi.
Proposition 4.1: The following properties hold:
•
•

Zadeh and finite Gödel OWL 2 EL are closed under
reduction.
Zadeh and finite Gödel OWL 2 QL are closed under
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TABLE VI
S OME SPECIAL CASES OF THE REDUCTION Z ADEH AND FINITE G ÖDEL DL S .

(A3)
(A3)
(A8)
(A8)
(A15)

Mapping of fuzzy concept
crisp(C1 uG,Z C2 , ≥ α)
crisp(C1 tG,Z C2 , ≥ α)
crisp(¬G C, ≥ α)
crisp(¬Z C, ≥ α)
crisp(∀G R.C, ≥ α)
crisp(∀Z R.C, ≥ α)
crisp(∃G,Z R.C, ≥ α)
Mapping of fuzzy axiom
crisp(h(a, b) : ¬G R ≥ αi)
crisp(h(a, b) : ¬Z R ≥ αi)
crisp(hC1 vG C2 ≥ αi)
crisp(hC1 vZ C2 ≥ αi)
crisp(hR11 . . . R1m vG R2 ≥ αi)

(A15)

crisp(hR11 . . . R1m vZ R2 ≥ αi)

(A22)

crisp(transG,Z (R))

(C4)
(C5)
(C6)
(C6)
(C7)
(C7)
(C8)

Crisp representation
crisp(C1 , ≥ α1 ) u crisp(C2 , ≥ α2 )
crisp(C1 , ≥ α1 ) t crisp(C2 , ≥ α2 )
¬crisp(C, ≥ γ1 )
¬crisp(C, ≥ +(1 − α))
uγ∈N \{γ0 } | γ≤α ∀crisp(R, ≥ γ).crisp(C, ≥ γ)
∀crisp(R, ≥ +(1 − α)).crisp(C, ≥ α)
∃crisp(R, ≥ α).crisp(C, ≥ α)
Crisp representation
(a, b) : ¬crisp(R, ≥ γ1 )
(a,
S b) : ¬crisp(R, ≥ +(1 − α))
γ∈N \{γ0 } | γ≤α {crisp(C1 , ≥ γ) v crisp(C2 , ≥ γ)}
crisp(C1 , ≥ +(1 − α)) v crisp(C2 , ≥ α)
S
γ∈N \{γ0 } | γ≤α {crisp(R11 , ≥ γ) . . . crisp(R1m , ≥ γ) v
crisp(R2 , ≥ γ)}
crisp(R11 , ≥ +(1 − α)) . . . crisp(R1m , ≥ +(1 − α)) v
Scrisp(R2 , ≥ α)
α∈N \{γ0 } {trans(crisp(R, ≥ α))}

reduction.
Zadeh and finite Gödel OWL 2 RL are closed under
reduction.
• In general, in finite fuzzy DLs different than Zadeh and
finite Gödel, fuzzy OWL 2 EL, fuzzy OWL 2 QL and
fuzzy OWL 2 RL are not closed under reduction.
Proof: The cases which are closed under reduction can
be checked with a simple computation of all the possible
cases. For the cases which are not closed under reduction
we will give some counter-examples. Let us assume a set of
degrees of truth N = {0, 0.33, 0.67, 1}. Consider the fuzzy
OWL 2 DL axiom in Example 4.1, in finite Łukasiewicz
semantics. The axiom hA v C1 u C2 ≥ 0.67i is a valid
fuzzy OWL 2 EL axiom, fuzzy OWL 2 QL axiom, and fuzzy
OWL 2 RL axiom. However, its reduction (see Example 4.1)
is not a valid OWL 2 EL axiom or a valid OWL 2 QL axiom,
because these languages do not allow disjunctions. Finally,
the reduction is not a valid OWL 2 RL axiom, because the
language allows disjunctions as subclass expressions but not
as superclass expressions.
The results stated in Proposition 4.1 are illustrated in Table VII, where we assume that there are no fuzzy datatypes. Independently from us, finitely-valued extensions of OWL 2 EL
have been shown to be not tractable for other t-norms different
than finite Gödel [19].
One could consider alternative fuzzy DL languages, such
that their reductions are in a crisp tractable language as
well. Proposition 4.2 defines some properties of such fuzzy
languages.
Proposition 4.2: A fuzzy DL language X is closed under
reduction if it verifies the following properties:
• X includes GCIs and RIAs with m = 1.
• If X includes conjunction or existential restrictions outside the left side of a GCI, then X includes disjunction
(except in Zadeh and finite Gödel logics).
• If X includes universal restrictions or disjunctions outside
the right side of a GCI, then X includes conjunction
•

(except in Zadeh logics).
If X includes fuzzy concept assertions of the form
hτ ≤ αi, then X includes concept assertions involving
a negation concept.
• If X includes fuzzy property assertions of the form hτ ≤
αi, then X includes negative property assertions.
• If X includes fuzzy negative property assertions of the
form hτ ≤ αi, then X includes property assertions.
• If X includes transitive role axioms, then X includes
RIAs where m = 2 (except in Zadeh and finite Gödel
logics).
• If X includes fuzzy datatypes, then the reduction of the
fuzzy datatypes can be represented in the crisp version
of X .
Proof: It easily follows from a simple checking of all the
possible cases of the reduction.
Remark 4.1: Disjunctions introduced as subclass expressions and conjunctions introduced as superclass expressions
are not always problematic because some axioms can be split
into several subclass axioms that do not use disjunction and
conjunction, respectively, but one can find examples where this
is not the case.
As a final remark, note that alternative definitions of
crisp(K) could be proposed, including optimizations in
some particular cases, as we have done in Zadeh logic.
•

V. O PTIMIZATIONS OF THE R EDUCTION FOR C RISP
E LEMENTS
In this section, we will study how to improve the crisp
reduction in some particular cases where crisp concepts and
roles are involved. It is already known that if a concept (resp.
a role) is crisp, only one crisp concept (resp. crisp role) is
needed to represent it, and there is no need to add new axioms
to preserve the semantics of the α-cuts [16]. In this cases,
the mapping of crisp atomic concepts and roles is defined as
follows:
crisp
• If A is crisp, crisp(A, ≥ α) = A
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TABLE VII
T RACTABILITY OF THE REDUCTIONS OF THE FUZZY OWL 2
Fuzzy logic
Zadeh
finite Gödel
finite Łukasiewicz
other finite DLs

OWL 2 EL
Yes
Yes
No
No

If R is crisp, crisp(R, ≥ γ) = Rcrisp
For every crisp concept or role, this saves p − 1 new
concepts/roles and p − 1 new axioms given by Equations (1)
and (2) to preserve their semantics.
We have seen that the reduction of fuzzy concepts (C4)–
(C5) and (C7)–(C8) in finite DLs usually introduces a conjunction or a disjunction of the different possibilities4 . Furthermore, the reduction of one fuzzy axiom of some types
generate several crisp axioms: this happens in axioms (A8)–
(A9), (A11)–(A12), (A15)–(A16), (A19), (A22), and (A27)5 .
Now, we will show that these reductions can be simplified
when some of the elements are crisp, avoiding such a conjunction or disjunction or the generation of more than one
axiom6 . The basic idea is that if some conjunction, disjunction
or implication involves a crisp elements, the corresponding
component of O⊗ , O⊕ , or O⇒ is restricted to {0, 1} before
minimization/maximization of the pairs. This way, the expressions get simpler in every finite fuzzy DL.
Proposition 5.1: In finite DLs, we can define the following
crisp representations:
• If C1 is crisp, crisp(C1 u C2 , ≥ α) = crisp(C1 , ≥ 1)
u crisp(C2 , ≥ α)
• If
C2
is
crisp,
crisp(C1 u C2 , ≥ α)
=
crisp(C1 , ≥ α) u crisp(C2 , ≥ 1)
• If
C1
is
crisp,
crisp(C1 t C2 , ≥ α)
=
crisp(C1 , ≥ 1) t crisp(C2 , ≥ α)
• If
C2
is
crisp,
crisp(C1 t C2 , ≥ α)
=
crisp(C1 , ≥ α) t crisp(C2 , ≥ 1)
• If
R
is
crisp,
crisp(∃R.C, ≥ α)
=
∃crisp(R, ≥ 1).crisp(C, ≥ α)
• If
C
is
crisp,
crisp(∃R.C, ≥ α)
=
∃crisp(R, ≥ α).crisp(C, ≥ 1)
• If
C1 or C2 is crisp, crisp(C1 ≡ C2 )
=
crisp(C1 , ≥ 1) ≡ crisp(C2 , ≥ 1)
• If
R
is
crisp,
crisp(dom(R, C))
=
dom(crisp(R, ≥ 1), crisp(C, ≥ 1))
• If
C
is
crisp,
crisp(dom(R, C))
=
dom(crisp(R, ≥ γ1 ), crisp(C, ≥ 1))
• If
R
is
crisp,
crisp(ran(R, C))
=
ran(crisp(R, ≥ 1), crisp(C, ≥ 1))
• If
C
is
crisp,
crisp(ran(R, C))
=
ran(crisp(R, ≥ γ1 ), crisp(C, ≥ 1))
• If
R1 or R2 is crisp, crisp(R1 ≡ R2 )
=
crisp(R1 , ≥ 1) ≡ crisp(R2 , ≥ 1)
•

4 Zadeh

DLs and (C4)–(C5), and (C8) in finite Gödel are exceptions.
and (A15) are exceptions in Zadeh DLs.
6 We noticed this fact while performing the experiments with a Fuzzy Wine
ontology reported in [33]. Independently from us, the authors of [30] have
also used it in some examples of the reduction.
5 (A8)

PROFILES WITHOUT FUZZY DATATYPES .

OWL 2 QL
Yes
Yes
No
No

OWL 2 RL
Yes
Yes
No
No

If R1 or R2 is crisp, crisp(inv(R1 , R2 )) =
inv(crisp(R1 , ≥ 1), crisp(R2 , ≥ 1))
• If
R
is
crisp,
crisp(trans(R))
=
trans(crisp(R, ≥ 1))
• If R is crisp, crisp(sym(R)) = sym(crisp(R, ≥ 1))
Proof: Apply properties of the fuzzy operators to the
expressions in Table IV.
Proposition 5.2: In finite Gödel and finite Łukasiewicz DLs,
we can define the following crisp representations:
• If
R
is
crisp,
crisp(∀R.C, ≥ α)
=
∀crisp(R, ≥ 1).crisp(C, ≥ α)
• If
C
is
crisp,
crisp(∀G R.C, ≥ α)
=
∀crisp(R, ≥ γ1 ).crisp(C, ≥ 1)
• If
C
is
crisp,
crisp(∀Ł R.C, ≥ α)
=
∀crisp(R, ≥ +(1 − α)).crisp(C, ≥ 1)
• If
C1 is crisp, crisp(hC1 v C2 ≥ αi)
=
crisp(C1 , ≥ 1) v crisp(C2 , ≥ α)
• If
C2 is crisp, crisp(hC1 vG C2 ≥ αi)
=
crisp(C1 , ≥ γ1 ) v crisp(C2 , ≥ 1)
• If
C2 is crisp, crisp(hC1 vŁ C2 ≥ αi)
=
crisp(C1 , ≥ +(1 − α)) v crisp(C2 , ≥ 1)
• If
R11 , . . . , R1m
are
crisp,
crisp(hR11 . . . R1m v R2 ≥ αi) = crisp(R11 , ≥ 1)
. . . crisp(R1m , ≥ 1) v crisp(R2 , ≥ α)
• If R2 is crisp, crisp(hR11 . . . R1m vG R2 ≥ αi) =
crisp(R11 , ≥ γ1 ) . . . crisp(R1m , ≥ γ1 ) v
crisp(R2 , ≥ 1)
• If
R2 is crisp, crisp(hR1 vŁ R2 ≥ αi)
=
crisp(R1 , ≥ +(1 − α)) v crisp(R2 , ≥ 1)
Proof: Apply properties of the fuzzy implications to the
expressions in Table V.
The case where R11 , . . . , R1m are crisp is particularly
common when m = 1.
It is worth to stress that considering crisp elements in fuzzy
ontologies also have some drawbacks. On the one hand, it is
possible to obtain inconsistencies. For example, in Gödel DLs,
the axiom ho : A u ¬A ≥ 1i is consistent if A is not a crisp
concept but inconsistent otherwise. On the other hand, crisp
roles can be used instead of the witnessed model property in
(a part of) the undecidability proofs in [26].
•

VI. L EARNING THE C RISPNESS OF C ONCEPTS AND ROLES
This section tries to help in the automatic identification
of which elements of a fuzzy ontology must be considered
as crisp and which ones must be considered as non-crisp.
Unfortunately, we may not be able to say anything about some
elements in a fuzzy ontology, but some partial results can be
given. The list of rules that we will propose is not exhaustive.
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As a side benefit, this would reduce the chances of a user
incorrectly marking an element as crisp (possibly creating
inconsistencies) or non-crisp. The rules could also transform
an intractable case into a tractable one. For example, in
non-finite Łukasiewicz EL the non-tractability depends on
having fuzzy conjunctions and existential restrictions on the
right-hand side of GCIs [19], but if all (except maybe one)
of the involved concepts and roles are crisp, the reduction
yields a classical EL ontology. Even more, the rules could
reduce undecidable fuzzy (e.g., Łukasiewicz or Product) DLs
to decidable special cases [25].
The idea is the following. Initially, the crispness or noncrispness of every fuzzy ontology element is unknown. To
identify the non-crispness, we will iterate through the fuzzy
axioms and identify some non-crisp concepts and roles. This
is enough for an atomic concept, but in the case of a complex
concept, we may also be able to deduce something about the
concepts and roles that take part in its definition. To identify
the crispness, we start with the definition of concepts and roles.
Then, we can use some axioms to propagate this guessed
crispness. The whole process can be repeated until no new
crisp or non-crisp elements are identified.
In this section we will not assume that the set of degrees of
truth is finite, so we will consider Zadeh, Łukasiewicz, Gödel,
and Product fuzzy logics. We will assume that if the fuzzy
ontology developer annotated a crisp axiom with a fuzzy value,
s/he wants it to have a different behaviour. As we will see,
this idea can be used to deduce the crispness or non-crispness
of some concepts or roles. Our procedure is not complete;
it cannot guarantee to find all the elements that should be
interpreted as crisp or non-crisp. In particular, we can identify
concepts and roles that are crisp by definition or that should
be considered as non-crisp, but not potential fuzzy concepts
that the ontology developer wants to treat as crisp. If some
element is identified both as crisp and as non-crisp, there is a
modeling error, so a warning message can be displayed to the
user and s/he will decide what the right choice is.
A. Using Axioms to Identify Non-crisp Elements
Let us start with the case of fuzzy concept assertions.
Proposition 6.1: If C is a crisp concept, the fuzzy assertions
ha : C ≥ αi and ha : C ≥ 1i are equivalent, for α ∈ (0, 1].
Proof: Trivial.
As already mentioned, we assume that the fuzzy ontology
developer wants these axioms to have a different behaviour,
so we can consider the following rule:
Rule 6.1: If a fuzzy ontology O contains a fuzzy assertion
ha : C ≥ α? i, α? ∈ (0, 1), then C is considered as a non-crisp
concept.
The case of fuzzy role assertions is similar to the case of
fuzzy concept assertions.
Rule 6.2: If a fuzzy ontology O contains a fuzzy assertion
h(a1 , a2 ) : R ≥ α? i, α? ∈ (0, 1), then R is considered as a
non-crisp role.
Similarly, one can provide a rule for negative role assertions
except in Gödel and Product DLs, where the negation only
takes values in {0, 1}.

Rule 6.3: In Łukasiewicz and Zadeh DLs, if a fuzzy
ontology O contains a fuzzy assertion h(a1 , a2 ) : ¬R ≥ α? i,
α? ∈ (0, 1), then R is considered as a non-crisp role.
Now we will move on to the case of fuzzy GCIs. Let us start
by studying the case of the subsumer concept, that depends
on the particular fuzzy logic.
Proposition 6.2: In Gödel and Product DLs, if C2 is a crisp
concept, the fuzzy axioms hC1 v C2 ≥ αi and hC1 v C2 ≥
1i are equivalent.
Proof: Since C2 is crisp, C2I (x) ∈ {0, 1} for every
element x of the interpretation domain. On the one hand, if
C2I (x) = 1, the first fuzzy GCI hC1 v C2 ≥ αi implies,
according to (P2), that C1I (x) ⇒ 1 = 1 ≥ α, so the axiom is
satisfied regardless of the value C1I (x). Similarly, the second
fuzzy GCI implies that C1I (x) ⇒ 1 = 1 ≥ 1, so it is also
satisfied for every C1I (x). On the other hand, if C2I (x) = 0,
the first GCI implies, according to (P4), that C1I (x) ⇒ 0 =
C1I (x) ≥ α > 0 for some negation . In Gödel and Product
fuzzy logics, this requires that C1I (x) = 0. Similarly, the
second GCI implies that C1I (x) ⇒ 0 = C1I (x) ≥ 1 and,
thus, C1I (x) = 0. Hence, both axioms hold in exactly the
same cases.
Consequently, we can formulate the following rule.
Rule 6.4: In Gödel and Product DLs, if a fuzzy ontology O
contains a fuzzy GCI hC1 v C2 ≥ α? i, α? ∈ (0, 1), then C2
is considered as a non-crisp concept.
Interestingly, a similar result does not hold in Łukasiewicz
and Kleene-Dienes implications.
Proposition 6.3: In Łukasiewicz and Zadeh DLs, if C2 is a
crisp concept, the fuzzy axioms hC1 v C2 ≥ αi and hC1 v
C2 ≥ 1i are not equivalent in general.
Proof: It suffices to give a counter-example. If C2I (x) =
0 for some element x of the domain, the first GCI implies,
according to (P4), that C1I (x) ⇒ 0 = C1I (x) = 1−C1I (x) ≥
α and, thus, C1I (x) ≤ 1−α. However, the second GCI implies
that C1I (x) = 0.
Hence, in Łukasiewicz and Zadeh fuzzy logics we cannot
conclude anything about the subsumer concept. The same
situation happens for subsumed concepts.
Proposition 6.4: If C1 is a crisp concept, the fuzzy axioms
hC1 v C2 ≥ αi and hC1 v C2 ≥ 1i are not equivalent in
general.
Proof: It suffices to give a counter-example. If C2I (x) =
0 for some element x of the domain, the first GCI implies,
according to (P3), that 1 ⇒ C2I (x) = C2I (x) ≥ α. However,
the second GCI implies that C1I (x) ≥ 1.
These counter-examples show that the antecedent and the
consequent cannot both be crisp.
Proposition 6.5: If C1 , C2 are crisp concepts, the fuzzy
axioms hC1 v C2 ≥ αi and hC1 v C2 ≥ 1i are equivalent.
Proof: If C1 (x), C2I (x) ∈ {0, 1}, both axioms imply
either C1 (x) = 0 or C2 (x) = 1.
Then, we can formulate the following pair of rules.
Rule 6.5: In Łukasiewicz and Zadeh DLs, if a fuzzy ontology O contains a fuzzy GCI hC1 v C2 ≥ α? i, α? ∈ (0, 1),
and C1 is considered as a crisp concept, then C2 is considered
as a non-crisp concept.
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Rule 6.6: In Łukasiewicz and Zadeh DLs, if a fuzzy ontology O contains a fuzzy GCI hC1 v C2 ≥ α? i, α? ∈ (0, 1),
and C2 is considered as a crisp concept, then C1 is considered
as a non-crisp concept.
Rules 6.5 and 6.6 are especially interesting when the antecedent or the consequent are the top or the bottom concepts,
as we will se later. Note that Rule 6.6 does not apply to Gödel
and Product fuzzy logics because C2 is always considered as
a non-crisp concept there.
The case of fuzzy role inclusions is very similar to the case
of fuzzy concept inclusions.
Proposition 6.6: In Gödel and Product DLs, if R2 is a crisp
concept, the fuzzy axioms hR11 R12 . . . R1m v R2 ≥ αi and
hR11 R12 . . . R1m v R2 ≥ 1i are equivalent.
Proof: Similar to Proposition 6.2 but also taking into
account the role chain.
It is also possible to extend Propositions 6.3 and 6.4 to the
case of RIAs. Thus, we can thus formulate the following rules.
Rule 6.7: In Gödel and Product DLs, if a fuzzy ontology
O contains a fuzzy RIA hR11 R12 . . . R1m v R2 ≥ α? i,
α? ∈ (0, 1), then R2 is considered as a non-crisp role.
Rule 6.8: In Zadeh and Łukasiewicz DLs, if a fuzzy ontology O contains a fuzzy RIA hR11 R12 . . . R1m v R2 ≥ α? i,
α? ∈ (0, 1), and R11 , R12 , . . . , R1m are considered as crisp
roles, then R2 is considered as a non-crisp role.
Rule 6.9: In Zadeh and Łukasiewicz DLs, if a fuzzy ontology O contains a fuzzy RIA hR11 R12 . . . R1m v R2 ≥ α? i,
α? ∈ (0, 1), R2 is considered as a crisp role, and all except
one of the roles R11 R12 . . . R1m are considered as crisp roles,
then the other role is considered as a non-crisp role.
Rule 6.9 is similar to Rule 6.6 but adding the precondition
that all but one of the R11 , R12 , . . . , R1m roles are considered as crisp. Otherwise, we would know that some of the
R11 , R12 , . . . , R1m must be considered as a non-crisp role,
but we would not know which one.
B. Propagating Non-crispness
As anticipated, if a complex concept should be interpreted
as non-crisp, we might be able to say something about the
concepts or roles that take part in its definition. The next
rule follows immediately from the semantics of the complex
concepts.
Rule 6.10: If ∃R.{o} or ∃R.Self should be considered as
non-crisp concepts, then R is considered as a non-crisp role.
The rest of the rules follow immediately from the definition
of the fuzzy operators defined in Table I. Indeed, if α1 ⊗
α2 6∈ {0, 1}, then αi 6∈ {0, 1}, for some i ∈ {1, 2}. The
same happens for each t-conorm ⊕. In the case of Łukasiewicz
negation, 1 − α 6∈ {0, 1} iff α 6∈ {0, 1}. Note however that
this does not hold in Gödel negation. With respect to fuzzy
implications, it is worth to recall what we discuss for fuzzy
GCIs and RIAs. In Gödel and Product, α1 ⇒ α2 6∈ {0, 1}
implies that α2 6∈ {0, 1}. In Zadeh and Łukasiewicz, α1 ⇒
α2 6∈ {0, 1} implies that αi 6∈ {0, 1}, for some i ∈ {1, 2}.
That said, we can provide the following rules:
Rule 6.11: In Zadeh and Łukasiewicz DLs, ¬C is considered as a non-crisp concept iff C is considered as a non-crisp
concept.

Rule 6.12: If C1 u C2 or C1 t C2 is considered as a noncrisp concept, then at least one of C1 , C2 must be considered
as a non-crisp concept.
Rule 6.13: If ∃R.C, ≥ n R.C, or = n R.C should be
considered as a non-crisp concept, then at least one of R, C
must be considered as a non-crisp concept.
In these two last rules, the converse does not hold, as shown
in the following example.
Example 6.1: In the following model of a Gödel DL,
C1 u C2 is interpreted as crisp, but both C1 and C2 are noncrisp: (C1 )I (a1 ) = 0.5, (C2 )I (a1 ) = 0, (C1 u C2 )I (a1 ) =
0, (C1 )I (a2 ) = 0, (C2 )I (a2 ) = 0.5, (C1 u C2 )I (a2 ) =
0, (C2 )I (a3 ) = 1, (C2 )I (a3 ) = 1, (C1 u C2 )I (a3 ) = 1.
Rule 6.14: In Gödel and Product DLs, if ∀R.C should be
considered as a non-crisp concept, then C should also be
considered as a non-crisp concept.
Rule 6.15: In Zadeh and Łukasiewicz DLs, ∀R.C and
≤ n S.C is considered as non-crisp iff at least one of R, C
is considered as non-crisp.
Finally, we can use concept and role equivalences to propagate non-crispness.
Rule 6.16: If a fuzzy ontology O contains a concept
equivalence C1 ≡ C2 and some of C1 or C2 is a non-crisp
concept, then the other one is also a non-crisp concept.
Rule 6.17: If a fuzzy ontology O contains a role equivalence
R1 ≡ R2 and some of R1 or R2 is a non-crisp role, then the
other one is also a non-crisp role.
C. Using Concepts and Roles to Identify Crisp Elements
The semantics of some complex concepts and roles force
them to be interpreted as crisp, as stated in the following rules.
Rule 6.18: >, ⊥, and {o} are always considered as crisp
concepts.
Rule 6.19: U is always considered as a crisp role.
Rule 6.20: If R is considered as a crisp role, then ∃R.{o}
and ∃R.Self should be considered as a crisp concept.
Rule 6.21: In Gödel and Product DLs, ¬C and ≤ n S.C
are always considered as crisp concepts.
Rule 6.22: In Gödel and Product DLs, ¬R is always
considered as a crisp role.
Rule 6.23: In Zadeh and Łukasiewicz DLs, ¬C is considered as a crisp concept iff C is considered as a crisp concept.
Rule 6.24: If C1 and C2 are considered as crisp elements,
then C1 u C2 and C1 t C2 should be considered as crisp
concepts.
Rule 6.25: If R and C are considered as crisp elements,
then ∃R.C, ∀R.C, ≤ n R.C, ≥ n R.C, and = n R.C
should be considered as crisp concepts.
Rule 6.26: In Gödel and Product DLs, if C is considered
as a crisp concept, then ∀R.C should also be considered as a
crisp concept.
D. Propagating Crispness
Finally, we can use concept and role equivalences to propagate the crispness.
Rule 6.27: If a fuzzy ontology O contains a concept
equivalence C1 ≡ C2 and some of C1 or C2 is a crisp concept,
then the other one is also a crisp concept.
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Rule 6.28: If a fuzzy ontology O contains a role equivalence
R1 ≡ R2 and some of R1 or R2 is a crisp role, then the other
one is also a crisp role.
Note that we cannot propagate the crispness of a complex
concept. If C1 uC2 should be interpreted as crisp, it is possible
to have C1 and C2 being fuzzy, as shown in Example 6.1.
VII. E VALUATION
In this section we will discuss the results of some experiments to (i) measure the impact of considering crisp concepts
and roles in the reasoning and (ii) evaluate our learning
algorithm, both of them in crisp representation algorithms and
finite Gödel OWL 2 EL ontologies. Our research hypotheses
are that treating elements as crisp has an impact on both the
reasoning time and the size of the equivalent crisp ontologies,
and that our preliminary algorithm can effectively identify
some crisp or non-crisp elements. We have not considered
Łukasiewicz DLs because their reductions, in general, cannot be expressed in classical tractable languages. We have
restricted to OWL 2 EL ontologies because the main reasoning
task in that language, classification, does not depend on the
particular choice of some concept or query, as it happens in
other tasks such as concept satisfiability or query answering,
respectively.
Since we are not aware of publicly available real-world
fuzzy ontologies, we have considered in our experiments
fuzzy versions of some ontologies included in the ORE 2013
ontology set [34]. We considered 194 of the 200 OWL 2 EL
ontologies in the dataset because the 6 ones with a larger file
size produced some memory problems. Every ontology has at
least 1000 logical axioms and 10 named concepts. According
to their number of logical axioms, they are classified as small
(≤ 500), medium (500-4999), and large ontologies (≥ 5000).
All the experiments were run on a computer with a 2xDualCore AMD Opteron processor running at 2.6 GHz and with
3.5 GB of RAM memory.
a) Reasoning time: For this part of the evaluation, we
restricted to 1 small ontology, 1 medium ontology, and 2 large
ontologies (one of them with a large number of individuals and
another one with a large number of classes). Some statistics of
these ontologies are shown in Table VIII, namely the ID, the
full name, the number of classes, the number of properties, the
number of individuals, the number of axioms, the group size
according to the number of axioms, and the classification time
using ELK 0.4.1 reasoner7 [35]. Curiously, in this particular
case the larger ontologies are not the hardest to classify.
Each of the ontologies was extended to the fuzzy case
by adding them random degrees of truth. In particular, every
axiom of the types (A1)–(A5), (A8), (A15), and (A19) was
annotated with a degree of truth with a probability p. We
considered the probabilities {0, 0.33, 0.67, 1} and the numbers
of degrees of truth in {3, 5, 7, 9, 11}. To minimize the effects
of the random choice of the degrees of truth in the axioms,
we considered 3 versions of the fuzzy ontology in each case,
except when p = 0. For each of these 200 ontologies, we
randomly selected some of their elements to be considered as
7 http://www.cs.ox.ac.uk/isg/tools/ELK

crisp. Clearly, the number of crisp elements depends on the
particular domain of application. For our purposes, we considered different probabilities for each ontology element to be
interpreted as crisp, namely {0, 0.05, 0.1, 0.25, 0.33, 0.5, 1}.
To minimize the effects of the random choice of the crisp
elements, we considered 3 different choices, except of course
when p = 0 or p = 1. For each of these 3400 fuzzy
ontologies, we computed its equivalent OWL 2 EL ontology
using DeLorean. Then, we classified the OWL 2 EL ontologies
using ELK 0.4.1 and measured the classification time. Each
classification test was repeated 5 times, discarding the maximum and the minimum values and taking the average of the
3 remaining values. This makes a total of 17000 classification
tests. All the experiments were run on a computer with a
2xDual-Core AMD Opteron processor running at 2.6 GHz and
with 3.5 GB of RAM memory. Note that we are computing the
classification of the crisp representation of a fuzzy ontology,
which is not the same as computing the classification of
the original fuzzy ontology because a postprocessing step is
missing. In finite Gödel, it remains to compute for every pair
of concept names A1 , A2 which is the greatest α such that
crisp(A1 , ≥ α) is a known subclass of crisp(A2 , ≥ α).
This part is not implemented in DeLorean yet.
Figure 2 shows the percentage of reduction of the reasoning
time for each of the probabilities of considering an ontology
element as crisp in O2 and O4 (the results are similar for
the other ontologies). The results have been grouped by the
number of degrees of truth in the fuzzy ontology. As we
can see, the outperformance is proportional to the number
of degrees of truth and to the number of crisp elements,
and inversely proportional to the ontology size. For example,
interpreting 50% of the elements as crisp saves 87% of the
reasoning time in the small ontology O1, 82% in the small
ontology O2, and 69% and 58% in the large ontologies O3
and O4, respectively.
b) Size of the crisp representations: Firstly, we considered the sizes of the crisp representations of the 3400 fuzzy
ontologies corresponding to the ontologies O1–O4. Figure 3
illustrates the percentage of reduction of the sizes (the number
of classes and axioms) of the crisp representations of O2 for
each of the probabilities of considering an ontology element
as crisp, grouped by the number of degrees of truth. For
example, interpreting 50% of the elements of the medium
ontology O2 as crisp saves between 25% and 45% of the
classes. The reduction of the number of properties is similar to
the reduction of the number of classes. The results are similar
for the four ontologies in the sense that the figures have similar
shapes.
Next, we performed more experiments with the rest of the
OWL 2 EL ontologies. We considered 5 degrees of truth,
probabilities of crisp elements in {0, 0.1, 0.25, 0.5}, and 3
repetitions of each experiment. Some ontologies could not
processed by DeLorean, but for the remaining 180 ontologies,
Figure 4 illustrates the percentage of reduction of the number
of classes and axioms. Our experiments confirm that considering some elements as crisp can reduce both the reasoning
time and the size of the reduction in a significant way in most
of the tested fuzzy ontologies.
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TABLE VIII
O NTOLOGIES CONSIDERED IN OUR EXPERIMENTS .
ID
O1
O2
O3
O4

Name
00401
00031
00659
cc89d135-6df0-4add-9a5ea120eed74a7a_tology

Classes
701
2749
15323
31

Properties
18
413
1
3

Individuals
0
0
1
3014

Axioms
405
4205
12342
9011

Size
small
medium
large
large

Time
0.1 s
0.6 s
0.6 s
0.03 s

Fig. 2. Reduction of the classification time vs. probability of crisp elements and number of degrees of truth.

Fig. 3. Reduction of the ontology size vs. probability of crisp elements and number of degrees of truth.

c) Learning algorithm: We considered fuzzy extensions
of the 194 OWL 2 EL ontologies, probabilities {0.33, 0.67, 1}
to make an axiom fuzzy, numbers of degrees of truth in
{3, 5, 7, 9, 11}, and 3 repetitions of every experiment.
Our algorithm was unfortunately unable to identify crisp
elements in any of the tested ontologies. This is rather surprising, but we noticed that indeed the ontologies do not
use the constructors needed to identify crisp concepts and
roles, such as negations (it is not allowed in OWL 2 EL ),
value restrictions, at-most cardinality restrictions, or universal
roles. Hence, further experimentation is required with more
ontologies. However, our algorithm did identify some noncrisp ones (non-crisp concepts more often than non-crisp
roles). The results are illustrated in Figure 5 and strongly vary
from one fuzzy ontology to another: for example, in ontologies
with concept equivalences but no GCIs or assertions, it is
not possible to identify non-crisp elements. The results are
independent of the number of degrees of truth and its particular

values, but the number of fuzzy axioms increments the chances
to identify non-fuzzy elements. For each of the considered
probabilities, the average percentages of non-crisp concepts
found are 20%, 22%, and 24%, respectively, while the average
percentages of non-crisp roles found are 5%, 5%, and 6%. Our
algorithm identified some non-crisp concept in 108 out of 194
ontologies, but only identified some non-crisp role in only 32
out of 139 ontologies (the other 55 ontologies do not have any
roles).
Finally, we randomly marked some elements as crisp (to
overcome the inability to identify them) and measured the
propagation of the crispness. We considered different probabilities for each ontology element to be interpreted as crisp,
namely {0.1, 0.25, 0.33, 0.5}, and 3 repetitions of each experiment. Our algorithm was still unable to identify any crisp
role because none of the ontologies in the dataset has role
equivalences. However, in 53 out of 194 ontologies we could
deduce some crisp concept in some of the tests, whereas in 20
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Fig. 4. Reduction of the ontology size vs. probability of crisp elements for all the ontologies.

Fig. 5. Percentage of non-crisp concepts and roles identified in our fuzzy ontology dataset.

ontologies we always found some crisp concept. For each of
the considered probabilities, the percentages of identified crisp
concepts (over the initial number of initial crisp concepts)
were 1.5%, 1.7%, 2%, and 2.2% respectively. Hence, the
learning algorithm is currently much better when handling
non-crispness.
VIII. C ONCLUSIONS AND F UTURE W ORK
The growing number of applications taking advantage of
fuzzy ontologies require the implementation of reasoning
algorithms with a good performance in practice. This trend
is expected to continue because of the increasing importance
of reasoning with mobile devices, with limited processing
capabilities. This paper gives several steps in this direction.
Firstly, we studied the reduction of fuzzy ontology reasoning
to reasoning with classical tractable languages (in particular, to
the three OWL 2 profiles), showing positive results for Zadeh
and finite Gödel DLs but negative results for finite Łukasiewicz
and other finite fuzzy DLs. Secondly, we studied the impact of
considering some concepts and roles as crisp in the reasoning.
In this regard, we corrected some limitations of the fuzzy
ontology language Fuzzy OWL 2, defined some optimizations
of the reduction to crisp ontologies, and proposed some rules
to automatically classify some fuzzy ontology elements as
crisp or non-crisp. Thirdly, we discussed the results of an
empirical evaluation over finite fuzzy OWL 2 EL ontologies

proving that treating crisp concepts and roles help to reduce the
performance of crisp representation algorithms in a significant
way by reducing the size of the translated ontologies and that
our algorithm can be helpful to identify non-crisp elements.
Future work will include experiments with fuzzy ontologies
represented in other fuzzy extensions of the OWL 2 profiles,
namely fuzzy OWL 2 QL and fuzzy OWL 2 RL, and with
fuzzy ontologies producing non-tractable crisp ontologies,
because in such cases considering crisp concepts and roles
could be particularly interesting. We would also like to study
the impact of crisp elements in other algorithm for fuzzy
ontology reasoning not based on reductions to crisp ontologies, such as tableaux algorithms or algorithms based on a
reduction to Mixed Integer Linear Programming [5], and in
other fuzzy ontology reasoners such as fuzzyDL [36]. Last but
not least, studying the impact on recent crisp representation
algorithms using a linear preprocessing step that eliminates
the exponential blowup [30] remains an open problem.
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[14] F. Bobillo, M. Delgado, J. Gómez-Romero, and U. Straccia, “Fuzzy
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[24] M. Baczyński and B. Jayaram, Fuzzy Implications, ser. Studies in
Fuzziness and Soft Computing. Springer, 2008, vol. 231.
[25] M. Cerami and U. Straccia, “On the (un)decidability of fuzzy description
logics under Łukasiewicz t-norm,” Inf. Sci., vol. 227, pp. 1–21, 2013.
[26] S. Borgwardt, F. Distel, and R. Peñaloza, “The limits of decidability in
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