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a b s t r a c t
Description logics (DLs) are a family of logics for representing structured knowledge which
have proved to be very useful as ontology languages. Classical DLs are not suitable to represent vague pieces of information. The attempts to achieve a solution have led to the birth
of fuzzy DLs and rough DLs. In this work, we provide a simple solution to join these two
formalisms and deﬁne a fuzzy rough DL. This logic is more general than other related
approaches, including tight and loose fuzzy rough approximations and being independent
of the fuzzy logic operators considered. We show the usefulness of our approach by presenting some uses case, and we also describe how to extend two reasoning algorithms
for fuzzy DLs, which are implemented in the fuzzy DL reasoners FUZZYDL and DELOREAN.
 2011 Elsevier Inc. All rights reserved.

1. Introduction
In the last years, the use of ontologies as formalisms for knowledge representation in many different application domains
has grown signiﬁcantly. Ontologies have been successfully used as part of expert and multiagent systems, as well as a core
element in the Semantic Web, which proposes to extend the current web to give information a well-deﬁned meaning [3].
An ontology is deﬁned as an explicit and formal speciﬁcation of a shared conceptualization [20], which means that ontologies represent the concepts and the relationships in a domain promoting interrelation with other models and automatic
processing. Ontologies allow adding semantics to data, making knowledge maintenance, information integration, and reuse
of components easier.
The current standard language for ontology creation is OWL 2 [12], which is the successor of the Web Ontology Language
(OWL). OWL 2 has its logical foundation in description logics (DLs for short) [1]. We recall DLs are a family of logics for representing structured knowledge. Each logic is denoted by using a string of capital letters which identify the constructors of
the logic and therefore its complexity. DLs have proved to be very useful as ontology languages [2]. For instance, OWL 2 is
based on the DL SROIQðDÞ [27].
Nevertheless, it is widely agreed that ‘‘classical’’ ontology languages are not appropriate to deal with imprecise and vague
knowledge, which is inherent to several real world domains [48]. With the aim of managing vagueness in ontologies, several
extension of DLs have been proposed, being possible to group them in two categories.
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 On the one hand, the combination with fuzzy logic [65] produces fuzzy DLs [38]. In the setting of fuzzy logics, the convention prescribing that a statement is either true or false is changed. This theory is based on the notion of fuzzy set.
Rather than belonging to a set or not, every element of the domain partially belongs to a fuzzy set. Under this approach,
vagueness is quantiﬁed and expressed using a degree of membership to a vague concept.
 On the other hand, the combination with rough set theory [45] produces rough DLs. Rough set theory offers a qualitative
approach to model vagueness. Instead of providing a degree of membership, a vague concept is approximated by means of
two sets: an upper and a lower approximation, using an indiscernibility relation between the elements of the domain.
This approach is very useful when it is not possible to quantify the membership function of a vague concept.
Fuzzy logic and rough logic are complementary formalisms to manage vagueness and hence it is natural to combine them
by means of fuzzy rough sets [13,46]. The main difference with respect to rough theory are the presence of fuzzy rough sets
(instead of fuzzy sets) and fuzzy similarity relations (instead of indiscernibility relations).
In this article we follow this approach and extend a fuzzy DL with fuzzy rough sets. In particular, we present a fuzzy rough
extension of the DL SROIQðDÞ, providing the theoretical grounding for fuzzy rough OWL 2.
This combination is useful in several domains of application. For instance, in e-commerce, it is possible to combine rough
concepts such as ‘‘potential buyer’’ (an individual which is possibly interested in some product) with fuzzy concepts such as
‘‘cheap price’’ (which can be modeled with a trapezoidal membership function). Another example is medicine, which combines rough concepts such as ‘‘possible patient’’ (an individual affected by some of the symptoms of some disease, and hence
suspected of being patient) with fuzzy concepts such as ‘‘high blood pressure’’.
Our contribution to the ﬁeld of ontologies is the possibility to represent and reason with vague knowledge by means of
both a quantitative and a qualitative approach. Our contribution to the ﬁeld of fuzzy rough set theory is the possibility to
take beneﬁt of the advantages of using ontologies, such as making it easier the deﬁnition of a common and agreed vocabulary, interoperability, knowledge reuse, information integration, and maintenance.
Compared to other fuzzy rough DLs [28,29], our work is more general because (i) it allows different indiscernibility relations that can be represented using fuzzy similarity or fuzzy equivalence relations, (ii) the semantics of our logic is independent from the fuzzy logic considered, (iii) besides lower and upper rough approximations, it supports tight and loose rough
approximations [13]. We will also present some practical use cases showing the beneﬁts of using a fuzzy rough DL, and report our experiences of implementing the logic in two well-known fuzzy DL reasoners. As we will see, the integration is
seamless, as already pointed in crisp (non-fuzzy) DLs [50], as the rough set component can be mapped into the fuzzy DL component, with the non-negligible advantage that current fuzzy DLs reasoners can be used with minimal adaption.
The remainder of this work is organized as follows. Section 2 overviews some necessary background on mathematical
fuzzy logics, fuzzy rough set theory and the classical DL SROIQðDÞ. Section 3 presents the deﬁnition of a fuzzy rough extension of SROIQðDÞ, the logic behind OWL 2. Section 4 presents some use cases, and then Section 5 discusses two implementations of reasoning algorithms for two fragments of our logic, in the FUZZYDL and DELOREAN systems. Next, Section 6 compares
our approach with the related work. Finally, Section 7 sets out some conclusions and ideas for future research.
2. Preliminaries
This section provides some basic background. Section 2.1 refreshes some basic ideas in mathematical fuzzy logic. Then,
Section 2.2 recalls rough set and fuzzy rough set theories. Finally, Section 2.3 considers the classical DL SROIQðDÞ.
2.1. Mathematical fuzzy logic
Fuzzy set theory and fuzzy logic were proposed by Zadeh [65] to manage imprecise and vague knowledge.
While in classical set theory elements either belong to a set or not, in fuzzy set theory elements can belong to a set to
some degree. More formally, let X be a set of elements called the reference set. A fuzzy set A over a countable crisp set X
is deﬁned by a membership function lA(x), or simply A(x), which assigns any x 2 X to a value in the interval [0, 1]. As in
the classical case, 0 means no-membership and 1 means full membership, but now a value between 0 and 1 represents
the extent to which x can be considered an element of X. The set of fuzzy sets on X is denoted as FðXÞ.
In the setting of fuzzy logics, the convention prescribing that a statement is either true or false is changed. A more reﬁned
range is used for the function that represents the meaning of a statement. This is usual in natural language when words are
modelled by fuzzy sets. For example, the compatibility of ‘‘tall’’ in the phrase ‘‘a tall man’’ with some individual of a given
height is often graded: the man can be judged not quite tall, somewhat tall, rather tall, very tall, etc.
Changing the usual true/false convention leads to the new concept of fuzzy statement, whose compatibility with a given
state of facts is a matter of degree. This degree of ﬁt is called degree of truth, and can be measured on a truth space S, usually
[0, 1] (in that case we speak about Mathematical fuzzy logic [23]). In this paper, we consider fuzzy statements of the form /
P a or / 6 b, where a, b 2 [0, 1] [22,23] and / is a statement, which encode that the degree of truth of / is at least a, resp. at
most b. For example, ripeTomato P0.9 says that we have a rather ripe tomato (the degree of truth of ripeTomato is at least 0.9).
Fuzzy logics provide compositional calculi of degrees of truth. All crisp set operations are extended to fuzzy sets. The
intersection, union, complement and implication set operations are performed in the fuzzy case by a t-norm function , a
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Table 1
Fuzzy connectives of some outstanding fuzzy logics.
Connective

Łukasiewicz

Gödel

Product

Zadeh

ab
ab
a)b

max (a + b  1, 0)
min (a + b, 1)
min (1  a + b,1)

ab
a+bab
min (1, b/a)

min (a, b)
max (a, b)
max (1  a, b)

a

1a

min (a, b)
max (a, b)

1 if a 6 b
b otherwise

1 if a ¼ 0
0 otherwise



1a

1
0

if a ¼ 0
otherwise

Table 2
Some properties of some outstanding fuzzy logics.
Property

Łukasiewicz

Gödel

Product

Zadeh

a  (a) = 0
a  (a) = 1
aa=a
aa=a
a = a
a ) b = a  b
(a ) b) = a  b
(a  b) = a  b
(a  b) = a  b

+
+


+
+
+
+
+

+

+
+



+
+

+






+
+



+
+
+
+
+
+
+

t-conorm function , a negation function  and an implication function ), respectively1 (see [23] for a formal deﬁnition of
these functions and their properties). Several t-norms, t-conorms, implications, and negations have been given in the literature;
some outstanding examples are shown in Table 1.
We will sometimes identify a particular fuzzy operator by adding a subscript to a fuzzy connective, denoting the fuzzy
logic that it belongs to (typically, Zadeh, Gödel, Łukasiewicz, or Product). For instance, G denotes Gödel t-norm, whereas
)Ł denoted Łukasiewicz implication. The implication a ) KDb = max (1  a, b) is called Kleene–Dienes implication in the fuzzy
logic literature.
We will recall here some important properties of these functions that will be used in this paper. An involutive negation
satisﬁes that (a) = a. For instance, Łukasiewicz negation is involutive, while Gödel negation is not. Usually, the implication
function ) is deﬁned as an R-implication, or the residuum of a left-continuous t-norm , that is, a ) b = sup {cja  c 6 b}. An
S-implication is deﬁned as a ) b = a  b (in this case we say  is the negation associated to )). Łukasiewicz implication is
both an R-implication and an S-implication. Gödel and product fuzzy logics have an R-implication, whereas Zadeh fuzzy logic
has an S-implication.
In this paper, a quadruple composed by a t-norm, a t-conorm, an implication function and a negation function determines
a fuzzy logic (usually called a family of fuzzy operators). The most important fuzzy logics are Łukasiewicz (denoted Ł), Gödel
(denoted G), and Product logic (denoted P), due to the fact that any continuous t-norm can be obtained as a combination of
Łukasiewicz, Gödel, and Product t-norm [40]. The so-called ‘‘Zadeh logic’’ is subsumed by Łukasiewicz fuzzy logic, since every
fuzzy operator of Zadeh logic can be simulated with the fuzzy operators of Łukasiewicz logic. In fact, let the subscripts Z and Ł
denote that the fuzzy operator corresponds to the Zadeh fuzzy logic and to the Łukasiewicz fuzzy logic, respectively. It is easy
to check that:

Z a ¼ Ł a

aZ b ¼ aŁ ða )Ł bÞ
aZ b ¼ ða )Ł bÞ )Ł b a )Z b ¼ ðZ aÞ Z b
Some salient properties of these four logics are shown in Table 2. For more properties, see especially [23,44]. Note also,
that a fuzzy logic having all properties shown in Table 2, collapses to Boolean logic, i.e. the truth-set can be {0, 1} only.
Relations can also be extended to the fuzzy case. A (binary) fuzzy relation R over two countable crisp sets X and Y is a function R : X  Y ? [0, 1]. The inverse of R is the function R : Y  X ? [0, 1] with membership function R(y, x) = R(x, y), for every
x 2 X and y 2 Y.
Implication functions and t-norms are also used to deﬁne the degree of subsumption between fuzzy sets, the composition
of fuzzy relations, and the transitivity of fuzzy relations.
Given two fuzzy sets A and B, A is included in B (denoted A # B) iff " x 2 X, A(x) 6 B(x). Note that A # B evaluates to a value
a 2 {0, 1}. A generalization of this inclusion is the degree of subsumption, deﬁned as infx2X{A(x) ) B(x)} for an implication
function ), that takes values in [0, 1].
1
Note that  is also used in the context of Łukasiewicz logic to denote the binary connective a  b = max {0, a  b}. However, in this paper we will use it as a
unary negation function.
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The composition of two fuzzy relations R1 : X  Y ? [0, 1] and R2 : Y  Z ? [0, 1] is deﬁned as (R1 R2)(x, z) = supy2Y R1(x, y) 
R2(y, z). A fuzzy relation R : X  X is -transitive iff " x, y, z 2 X, R(x, y) P R(x, z)  R(z, y).
We say that R is an equivalence relation if it is reﬂexive, symmetric, and transitive. Similarly, R is a similarity relation (also
called a tolerance relation) if it is reﬂexive and symmetric.
A fuzzy interpretation I satisﬁes a fuzzy statement / P a (resp., / 6 b) or I is a model of / P a (resp., / 6 b), denoted
I / P a (resp., I / 6 b), iff I ð/Þ P a (resp., I ð/Þ 6 b). The notions of satisﬁability and logical consequence are deﬁned
in the standard way. We say that / P a is a tight logical consequence of a set of fuzzy statements K iff a is the inﬁmum of I ð/Þ
subject to all models I of K. We refer the reader to [23] for reasoning algorithms for fuzzy propositional and ﬁrst-order
logics.
2.2. Rough set and fuzzy rough set theories
The notion of rough set was introduced by Pawlak in 1982 [45]. The key idea in rough set theory is the approximation of a
vague concept when there is only incomplete information about the concept. The available information includes some
examples of elements that belong to the concept, and an indiscernibility equivalence (reﬂexive, symmetric, and transitive)
or similarity (reﬂexive and symmetric) relation between elements of the domain.
Then, a vague concept is approximated by means of a pair of concepts: a sub-concept or lower approximation, and a
super-concept or upper approximation, describing the sets of elements which deﬁnitely and possibly belong to the vague
set, respectively, as Fig. 1 illustrates.
Given an indiscernibility relation s, the lower approximation is deﬁned as:

ðs # AÞ ¼ fxj8y : ðx; yÞ 2 s ! y 2 Ag
Similarly, the upper approximation of a set A is deﬁned as:

ðs " AÞ ¼ fxj9y : ðx; yÞ 2 s ^ y 2 Ag
It is also common to denote the lower and upper approximations of a set A as A and A, respectively.
A rough set is then deﬁned as a pair of concepts: a lower approximation and an upper approximation of a vague concept.
A very natural extension is to consider a fuzzy similarity relation instead of an indiscernibility relation, which gives raise
to fuzzy rough sets. In this paper, we follow the deﬁnition of fuzzy rough sets proposed in [13], which extends [46]. Other
relevant works are [18,35,37,39,41,43,59,63].
Given a fuzzy similarity relation s, a t-norm  and an implication function ), the lower approximation (s ; A) and the
upper approximation (s " A) of a fuzzy set A are deﬁned by the following membership functions:

ðs # AÞðxÞ ¼ inf fsðx; yÞ ) AðyÞg

ð1Þ

ðs " AÞðxÞ ¼ supfsðx; yÞ  AðyÞg

ð2Þ

y2X

y2X

When the t-norm and the implication are not clear from the context, we will make them explicit in a subscript. For instance,
(s ; A)Ł denotes the lower approximation of A under Łukasiewicz implication, whereas (s ; A)KD considers Kleene–Dienes
implication. Analogously, (s " A)Ł denotes the upper approximation of A under Łukasiewicz t-norm, and (s " A)G under Gödel
t-norm.
However, while in rough sets one element of the domain can only belong to one equivalence class, this is not true when
we move into the fuzzy case. When taking into account the fact that an element can belong to several fuzzy similarity classes
(with different degrees of truth), the notions of tight and loose approximation naturally appear [13]: a tight approximation
considers all fuzzy similarity classes, whereas a loose approximation considers the best one among the similarity classes.

Fig. 1. Vague concept (bold line), upper approximation (light grey) and lower approximation (dark grey).
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Given a fuzzy similarity relation s, a t-norm  and an implication function ), the tight lower approximation (s ;; A), the
loose lower approximation (s "; A), the tight upper approximation (s ;" A), and the loose upper approximation (s "" A) of a fuzzy set A are deﬁned by the following membership functions:



ðs ## AÞðxÞ ¼ inf sðx; zÞ ) inf fsðz; yÞ ) AðyÞg
z2X
y2X


ðs "# AÞðxÞ ¼ sup sðx; zÞ  inf fsðz; yÞ ) AðyÞg
y2X
z2X
(
)
ðs #" AÞðxÞ ¼ inf
z2X

sðx; zÞ ) sup fsðz; yÞ  AðyÞg
(

y2X

ð4Þ
ð5Þ

)

ðs "" AÞðxÞ ¼ sup sðx; zÞ  sup fsðz; yÞ  AðyÞg
z2X

ð3Þ

ð6Þ

y2X

Again, if the t-norm and the implication are not clear from the context, we shall include them using a subscript. For instance,
(s ;; A)Ł denotes the tight lower approximation of A under Łukasiewicz implication.
2.3. The description logic SROIQðDÞ
The DL SROIQðDÞ is the logical core of OWL 2. SROIQðDÞ extends the standard DL ALC [51] with transitive roles ðALC
plus transitive roles is called S), complex role axioms (R), nominals ðOÞ, inverse roles ðI Þ, qualiﬁed number restrictions ðQÞ,
and concrete domains (D).
2.3.1. Syntax
SROIQðDÞ assumes three alphabets of symbols, for concepts, roles and individuals. Abstract individuals are elements of the
abstract domain DI , whereas concrete individuals are elements of a concrete domain DD. Similarly, abstract roles relate two
individuals, whereas concrete roles relate an individual and a concrete value.
A concrete domain D is a pair hDD, UDi, where DD is a concrete interpretation domain and UD is a set of domain predicates
d with a predeﬁned arity n and an interpretation dD # DDn. For simplicity we assume arity 1.
In DLs, complex concepts and roles can be built using different concept and role constructors. Before describing how to
build them let us introduce some notation. C,D are (possibly complex) concepts, A is an atomic concept, R is a (possibly
complex) role, RA is an atomic abstract role, S is a simple role,2 and universal role U), as shown in Table 3T is a concrete role,
a, b are abstract individuals, v is a concrete individual, and n, m are natural numbers (n P 0, m > 0).
In SROIQðDÞ, the concepts and abstract roles can be built as shown in Table 3. Obviously, the inverse role is only deﬁned
for abstract roles.
Example 2.1. Man and Woman are atomic concepts. hasChild and likes are atomic roles. Manu P 2hasChild.Woman is a
complex concept representing a father with at least two daughters. $ likes.Self represents a narcisist.
A Knowledge Base (KB) comprises the intensional knowledge, i.e. general knowledge about the application domain (a Terminological Box or TBox T and a Role Box or RBox R), and the extensional knowledge, i.e. particular knowledge about some
speciﬁc situation (an Assertional Box or ABox A with statements about individuals).
An ABox consists of a ﬁnite set of assertions about individuals:






Concept assertions a : C, meaning that individual a is an instance of C.
Role assertions (a, b) : R, meaning that (a, b) is an instance of R, and (a, v) : T.
Negated role assertions ða; bÞ : :R, and ða; v Þ : :T.
Inequality assertions a – b.
Equality assertions a = b.

A TBox consists of a ﬁnite set of general concept inclusion (GCI) axioms C v D(C is more speciﬁc than D).
Let w = R1R2. . .Rn be a role chain (a ﬁnite string of roles not including the universal role U). An RBox consists of a ﬁnite set
of role axioms:






Role inclusion axioms (RIAs) w v R (role chain w is more speciﬁc than R), and T1 v T2.
Transitive role axioms trans (R).
Disjoint role axioms dis (S1, S2), and dis (T1, T2).
Reﬂexive role axioms ref (R).
Irreﬂexive role axioms irr (S).

2
In order to prove decidability of the reasoning, some roles are required to be simple. Intuitively, simple roles cannot take part in cyclic role inclusion
axioms. For a formal deﬁnition, we refer the reader to [27].
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Table 3
Syntax and semantics of the description logic SROIQðDÞ.
Constructor

Syntax

Semantics

(Atomic concept)

A

AI # DI

(Top concept)

>

(Bottom concept)
(Concept conjunction)

?
CuD

(Concept disjunction)

CtD

(Concept negation)

:C

(Atomic abstract role)

RA

DI
;
C I \ DI
C I [ DI
DI n C I
fxj8y; ðx; yÞ R RI or y 2 C I g
fxj9y; ðx; yÞ 2 RI and y 2 C I g
fxj8 v ; ðx; v Þ R T I or v 2 dD g
fxj9v ; ðx; v Þ 2 T I and v 2 dD g
faI g
fxj]fy : ðx; yÞ 2 SI and y 2 C I g P ng
fxj]fy : ðx; yÞ 2 SI and y 2 C I g 6 ng
fxj]fv : ðx; v Þ 2 T I and v 2 dD g P ng
fxj]fv : ðx; v Þ 2 T I and v 2 dD g 6 ng
fxjðx; xÞ 2 SI g
RIA # DI  DI

(Concrete role)

T

T I # DI  DD

(Inverse role)

R

fðy; xÞ 2 DI  DI jðx; yÞ 2 RI g

(Universal role)

U

DI  DI

(Universal quantiﬁcation)

"R  C

(Existential quantiﬁcation)

$R  C

(Concrete universal quantiﬁcation)

"T  d

(Concrete existential quantiﬁcation)

$T  d

(Nominal)
(At-least number restriction)

{a}
PnS  C

(At-most number restriction)

6nS  C

(Concrete at-least number restriction)

PnT  d

(Concrete at-most number restriction)

6nT  d

(Local reﬂexivity)

$ S  Self

 Symmetric role axioms sym (R).
 Asymmetric role axioms asy (S).
Example 2.2. The concept assertion paul : Man states that the individual Paul belongs to the class of men. The role assertion
ðpaul; johnÞ : :hasChild states that John is not the child of Paul. The GCI Man v Human states that all men are human. The
RIA owns hasPart v owns states the fact if somebody owns something, he also owns its components.
In order to guarantee the decidability of the logic, some additional syntactical restrictions are imposed in the form of the
RIAs (see [27] for details) and in the use of simple roles, which is necessary in some concept constructors (local reﬂexivity, atleast and at-most number restrictions) and role axioms (disjoint, irreﬂexive and asymmetric role axioms).
2.3.2. Semantics
An interpretation I with respect to a concrete domain D is a pair ðDI ; I Þ consisting of a non-empty set DI (the interpretation domain) disjoint with DD and an interpretation function I mapping:







Every
Every
Every
Every
Every
Every

abstract individual a onto an element aI of DI .
concrete individual v onto an element vD of DD.
concept C onto a set C I # DI .
abstract role R onto a relation RI # DI  DI .
concrete role T onto a relation T I # DI  DD .
n-ary concrete predicate d onto the interpretation dD # DnD .

The interpretation is deﬁned as shown in Table 3. Unique name assumption is not imposed, i.e. two nominals might refer
to the same individual.
Let be the standard composition of relations. An interpretation I satisﬁes (is a model of):











a : C iff aI 2 C I ,
I
(a, b) : R iff ðaI ; b Þ 2 RI ,
I
I
ða; bÞ : :R iff ða ; b Þ R RI ,
(a, v) : T iff ðaI ; v D Þ 2 T I ,
ða; v Þ : :T iff ðaI ; v D Þ R T I ,
I
a – b iff aI – b ,
I
I
a = b iff a ¼ b ,
C v D iff C I # DI ,
R1. . .Rn v R iff RI1    RIn # RI ,
T1 v T2 iff T I1 # T I2 ,
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trans (R) iff ðx; yÞ 2 RI and ðy; zÞ 2 RI imply ðx; zÞ 2 RI ; 8 x; y; z 2 DI ,
dis (S1, S2) iff SI1 \ SI2 ¼ ;,
dis (T1, T2) iff T I1 \ T I2 ¼ ;,
ref (R) iff ðx; xÞ 2 RI ; 8 x 2 DI ,
irr (S) iff ðx; xÞ R SI ; 8 x 2 DI ,
sym (R) iff ðx; yÞ 2 RI implies ðy; xÞ 2 RI ; 8 x 2 DI ,
asy (S) iff ðx; yÞ 2 SI implies ðy; xÞ R SI ; 8 x 2 DI ,
A Knowledge Base K ¼ hA; T ; Ri iff it satisﬁes each element in A; T and R.

A DL not only stores axioms and assertions, but also offers some reasoning services, such as KB satisﬁability, concept satisﬁability or subsumption. However, if a DL is closed under negation, most of the basic reasoning tasks are reducible to KB
satisﬁability [49], so it is usually the only task considered.
3. Fuzzy rough SROIQðDÞ
In this section we deﬁne a fuzzy rough extension of the DL SROIQðDÞ [27,31] where concepts denote fuzzy (or fuzzy
rough) sets of individuals and roles denote fuzzy binary relations. Axioms are also extended to the fuzzy case and some
of them hold to a degree. Our logic extends fuzzy SROIQðDÞ [5,6,9] with some fuzzy rough constructors.
This section is organized as follows. The syntax and the semantics of the logic are presented in Sections 3.1 and 3.2,
respectively. Section 3.3 deﬁnes the main reasoning problems. Finally, Section 3.4 collects some outstanding logical
properties.
3.1. Syntax
To begin with, we will introduce two important elements of our logic: fuzzy concrete domains and fuzzy modiﬁers.
Fuzzy concrete domains A fuzzy concrete domain [55] D is a pair hDD, UDi, where DD is a concrete interpretation domain, and
UD is a set of fuzzy concrete predicates d with an arity n and an interpretation dD : DDn ? [0, 1], which is an n-ary fuzzy relation over DD.
As fuzzy concrete predicates, we allow the following functions deﬁned over ½k1 ; k2 # Qþ [ f0g: trapezoidal membership
function (Fig. 2(a)), triangular (Fig. 2(b)), left-shoulder function (Fig. 2(c)) and right-shoulder function (Fig. 2(d)) [55]. For
backwards compatibility, we also allow crisp intervals (Fig. 2(e)). For instance, we may deﬁne Young : N ! ½0; 1 , denoting
the degree of a person being young, as Young(x) = left(10, 30). Formally:

d!

crisp ða; bÞ j

ðcrisp intervalÞ

left ða; bÞ j

ðfuzzy left-shoulder functionÞ

right ða; bÞ j ðfuzzy right-shoulder functionÞ
triangular ða; b; cÞ j
ðfuzzy triangular functionÞ
trapezoidal ða; b; c; dÞ

ðfuzzy trapezoidal functionÞ

3.1.1. Fuzzy modiﬁers
A fuzzy modiﬁer mod is a function fmod : [0, 1] ? [0, 1] which applies to a fuzzy set to change its membership function. We
will allow modiﬁers deﬁned in terms of linear hedges (Fig. 2(f))3 and triangular functions (Fig. 2(b)) [55]. In linear modiﬁers,
we assume that a = c/(c + 1), b = 1/(c + 1). For instance, very(x) = linear(0.8). Formally:

mod !

linear ðcÞ j
triangular ða; b; cÞ

ðfuzzy linear modifierÞ
ðfuzzy triangular modifierÞ

3.1.2. Alphabets of symbols
As for its crisp counterpart, fuzzy SROIQðDÞ assumes three alphabets of symbols, for fuzzy concepts, fuzzy roles and individuals. Abstract individuals are elements of the abstract domain DI , whereas concrete individuals are elements of a concrete
domain DD. Similarly, fuzzy abstract roles relate two individuals, whereas fuzzy concrete roles relate an individual and a concrete value.
3.1.3. Notation
Let us introduce some notation that will be used in the rest of the paper. C, D are (possibly complex) fuzzy concepts, A is
an atomic fuzzy concept, R is a (possibly complex) abstract fuzzy role, RA is an atomic fuzzy role, S is a simple fuzzy role, T is a
concrete fuzzy role, a, b are abstract individuals, v is a concrete individual, d are fuzzy concrete predicates, n, m are natural
3

Linear hedges are actually piecewise linear hedges, but we use the former name as it is usual in the fuzzy DL literature.
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numbers (n P 0, m > 0), si is a fuzzy similarity relation, mod is a fuzzy modiﬁer, ﬄ 2 {P, <, 6, >}, and a 2 (0, 1]. Finally,
w = R1R2. . .Rm is a role chain.
3.1.4. Fuzzy roles
The roles of the language can be built inductively according to the following rule:

R!

RA

j ðR1Þ

T

j ðR2Þ

R

j ðR3Þ

U j ðR4Þ
modðRÞ j ðR5Þ
½R P a

ðR6Þ



Here, R denotes the inverse role of R which, as in the classical case, is only deﬁned for abstract roles.
3.1.5. Fuzzy concepts
The concepts of the language can be built inductively as:

C; D !

A j

ðC1Þ

> j

ðC2Þ

? j

ðC3Þ

CuD j

ðC4Þ

CtD j

ðC5Þ

:C

8R  C j

ðC6Þ
ðC7Þ

9R  C

j

ðC8Þ

8T  d j

ðC9Þ
ðC10Þ

j

9T  d j

fa=ag j ðC11Þ
ðP mS  CÞ j ðC12Þ
ð6 nS  CÞ j ðC13Þ
ðP mT  dÞ j ðC14Þ
ð6 nT  dÞ j ðC15Þ
9 S  Self j ðC16Þ
C ! D j ðC17Þ

a1 C 1 þ    þ am C m j ðC18Þ
mod ðCÞ j ðC19Þ
½C P a

j

½C 6 a

j ðC21Þ

ðC20Þ

ðsi ## CÞ j ðC22Þ
ðsi "# CÞ j ðC23Þ
ðsi # CÞ j ðC24Þ
ðsi #" CÞ j ðC25Þ
ðsi "" CÞ j ðC26Þ
ðC27Þ
ðsi " CÞ

Example 3.1. Concept Human u $ hasAge.left(10, 30) denotes the set of young humans, with an age given by left(10, 30). If
linear(4) represents the modiﬁer very, Human u linear(4)($hasAge.left(10, 30)) denotes the set of very young humans.
Finally, (s " Buyer) represents the concept of potential buyer.

Concept constructors C1–C16 correspond to the concept constructors of crisp SROIQðDÞ. The only difference here is the
presence of fuzzy nominals of the form {a/a} [5].
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Fig. 2. (a) Trapezoidal function; (b) Triangular function; (c) L-function; (d) R-function; (e) Crisp interval; (f) Linear function.

Concept constructors C17–C21 are usual in the setting of fuzzy DLs, namely implication concepts (C17), weighted sum
concepts (C18), modiﬁed concepts (C19), and cut concepts (C20–C21). In weighted sum concepts we assume that
P
i¼1;...;m ai 6 1.
Finally, concept constructors C22–C27 deal with fuzzy rough sets. Note that we allow to use k different fuzzy similarity
relations si, 1 6 i 6 k. Note also that in a preliminary version of this paper we used fuzzy equivalence relations instead of
fuzzy similarity relations [10]. This change would be justiﬁed in Section 3.4.
An easy extension which is not explained in detail here for the sake of clarity, is the addition of a superscript denoting the
fuzzy logic that is used in the semantics of the constructor (typically, Zadeh, Gödel, Łukasiewicz, or Product). For instance, uG
denotes a conjunction which is interpreted as the minimum (Gödel t-norm). Also, (s " C)G is an upper approximation under
Gödel t-norm. Clearly, this only makes sense for those constructors which have negation, t-norm, t-conorm, or implication
functions involved in their semantics, as deﬁned in Section 3.2.4

3.1.6. Fuzzy Knowledge Base
A Fuzzy Knowledge Base (KB) contains a ﬁnite set of axioms of one of the following types:


















(A1) Fuzzy concept assertion of the form ha : C ﬄ ai.
(A2) Fuzzy role assertion of the form h(a, b) : R ﬄ ai.
(A3) Fuzzy role assertion of the form hða; bÞ : :R ﬄ ai.
(A4) Fuzzy role assertion of the form h(a, v) : T ﬄ ai.
(A5) Fuzzy role assertion of the form hða; v Þ : :T ﬄ ai.
(A6) Inequality assertion ha – bi.
(A7) Equality assertion ha = bi.
(A8) Fuzzy General Concept Inclusion (fuzzy GCI) of the forms hC v D P ai, or hC v D > ai.
(A9) Fuzzy Role Inclusion Axiom (fuzzy RIA) of the forms hw v R P ai, or hw v R > ai.
(A10) Fuzzy Role Inclusion Axiom or fuzzy RIA of the forms hT1 v T2 P ai, or hT1 v T2 > ai.
(A11) Transitive role axiom trans (R).
(A12) Disjoint abstract role axiom dis (S1, S2).
(A13) Disjoint concrete role axiom dis (T1, T2).
(A14) Reﬂexive role axiom ref (R).
(A15) Irreﬂexive role axiom irr (S).
(A16) Symmetric role axiom sym (R).
(A17) Asymmetric role axiom asy (S).

4
This notation mixes in some way syntax with semantics, but makes it possible to combine fuzzy logical operators belonging to different fuzzy logics,
according to the logical properties that the particular application domain requires.
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Example 3.2. The fuzzy concept assertion hpaul : Tall P 0.5i states that Paul is tall with at least degree 0.5. The fuzzy RIA hisFriendOf isFriendOf v isFriendOf P 0.75i states that the friends of my friends can also be considered as my friends with at least
degree 0.75.
A fuzzy KB is organized in a fuzzy ABox A with axioms (A1)–(A7), a fuzzy TBox T with axioms (A8), and a fuzzy RBox R with
axioms (A9)–(A17).
The pair of axioms hs P ai and hs 6 ai is abbreviated as hs = ai [26]. Also, an axiom of the form hs P 1i is usually abbreviated to simply s.
Notice that fuzzy GCIs or RIAs of the forms hs 6 ai and hs < ai are not allowed, because they do not have an equivalence in
crisp SROIQðDÞ.
Similarly as in the crisp case, there are some restrictions to guarantee the decidability of the logic: some roles are assumed to be simple in some concept constructors and role axioms, and there are some additional restrictions in the form
of RIAs [6].
3.2. Semantics
Fuzzy interpretation A fuzzy interpretation I with respect to a fuzzy concrete domain D is a pair ðDI ; I Þ consisting of a
non-empty set DI (the interpretation domain) disjoint with DD and a fuzzy interpretation function I mapping:








A fuzzy abstract individual a onto an element aI of DI .
A fuzzy concrete individual v onto an element vD of DD.
A fuzzy (possibly rough) concept C onto a function C I : DI ! ½0; 1 .
A fuzzy abstract role R onto a function RI : DI  DI ! ½0; 1 .
A fuzzy concrete role T onto a function T I : DI  DD ! ½0; 1 .
An n-ary fuzzy concrete predicate d onto the fuzzy relation dD : DDn ? [0, 1].
A fuzzy modiﬁer mod onto a function fmod : [0, 1] ? [0, 1].

C I (resp. RI ) denotes the membership function of the fuzzy (possibly rough) concept C (resp. fuzzy role R) w.r.t. I  C I ðaÞ
(resp. RI ða; bÞ) gives us to what extent the individual a can be considered as an element of C (resp. to what extent (a,b) can be
considered as an element of R) under the fuzzy interpretation I .
Given a t-norm , a t-conorm , a negation function  and an implication function ), the fuzzy interpretation function is
extended to complex concepts and roles as follows:
>I ðxÞ ¼ 1
?I ðxÞ ¼ 0
ðC u DÞI ðxÞ ¼ C I ðxÞ  DI ðxÞ
ðC t DÞI ðxÞ ¼ C I ðxÞ  DI ðxÞ
ð:CÞI ðxÞ ¼ C I ðxÞ
ð8R:CÞI ðxÞ ¼ inf y2DI fRI ðx; yÞ ) C I ðyÞg
ð9R:CÞI ðxÞ ¼ supy2DI fRI ðx; yÞ  C I ðyÞg
ð8T  dÞI ðxÞ ¼ inf v 2DD fT I ðx; v Þ ) dD ðv Þg
ð9T  dÞI ðxÞ ¼ supv 2DD fT I ðx; v Þ  dD ðv Þg
fa=agI ðxÞ ¼ a if x ¼ aI , 0 otherwise


I
I
ðP m S:CÞI ðxÞ ¼ supy1 ;...;ym 2DI minm
i¼1 fS ðx; yi Þ  C ðyi Þg  ð16j<k6m fyj – yk gÞ


I
I
ð6 n S:CÞI ðxÞ ¼ inf y1 ;...;ynþ1 2DI minnþ1
i¼1 fS ðx; yi Þ  C ðyi Þg ) ð16j<k6nþ1 fyj ¼ yk gÞ


I
ðP m T  dÞI ðxÞ ¼ supv 1 ;...;v m 2DD minm
i¼1 fT ðx; v i Þ  dD ðv i Þg  ðj<k fv j – v k gÞ


nþ1
ð6 n T  dÞI ðxÞ ¼ inf v 1 ;...;v nþ1 2DD mini¼1 fT I ðx; v i Þ  dD ðv i Þg ) ðj<k fv j ¼ v k gÞ
ð9S  SelfÞI ðxÞ ¼ SI ðx; xÞ
ðC ! DÞI ðxÞ ¼ C I ðxÞ ) DI ðxÞ
ða1 C 1 þ    þ am C m ÞI ðxÞ ¼ a1 C I1 ðxÞ þ    þ am C Im ðxÞ
ðmodðCÞÞI ðxÞ ¼ fmod ðC I ðxÞÞ
ð½C P a ÞI ðxÞ ¼ 1 if C I ðxÞ P a, 0 otherwise
ð½C 6 a ÞI ðxÞ ¼ 1 if C I ðxÞ 6 a, 0 otherwise
ðsi ## CÞI ðxÞ ¼ inf z2X fsIi ðx; zÞ ) inf y2DI fsIi ðz; yÞ ) C I ðyÞgg
ðsi "# CÞI ðxÞ ¼ supz2X fsIi ðx; zÞ  inf y2DI fsIi ðz; yÞ ) C I ðyÞgg
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n
o
ðsi # CÞI ðxÞ ¼ inf y2DI sIi ðx; yÞ ) C I ðyÞ
n
n
oo
ðsi #" CÞI ðxÞ ¼ inf z2X sIi ðx; zÞ ) supy2DI sIi ðz; yÞ  C I ðyÞ
n
n
oo
ðsi "" CÞI ðxÞ ¼ supz2X sIi ðx; zÞ  supy2DI sIi ðz; yÞ  C I ðyÞ
n
o
ðsi " CÞI ðxÞ ¼ supy2DI sIi ðx; yÞ  C I ðyÞ
ðR ÞI ðx; yÞ ¼ RI ðy; xÞ
U I ðx; yÞ ¼ 1
ðmodðRÞÞI ðx; yÞ ¼ fmod ðRI ðx; yÞÞ
ð½R P a ÞI ðx; yÞ ¼ 1 if RI ðx; yÞ P a, 0 otherwise

The fuzzy interpretation function is extended to fuzzy axioms as follows:
ða : CÞI ¼ C I ðaI Þ
I

ðða; bÞ : RÞI ¼ RI ðaI ; b Þ
I

ðða; bÞ : :RÞI ¼ RI ðaI ; b Þ
ða; v Þ : T ¼ T I ðaI ; v D Þ
ða; v Þ : :T ¼ T I ðaI ; v D Þ
ðC v DÞI ¼ inf x2DI fC I ðxÞ ) DI ðxÞg



ðR1 . . . Rn v RÞI ¼ inf x1 ;xnþ1 2DI fsupx2 ...xn 2DI RI1 ðx1 ; x2 Þ      RIn ðxn ; xnþ1 Þ ) RI ðx1 ; xnþ1 Þ g

ðT 1 v T 2 ÞI ¼ inf x2DI ;v 2DD T I1 ðx; v Þ ) T I2 ðx; v Þ

Let / 2 fa : C; ða; bÞ : R; ða; bÞ : :R; ða; v Þ : T; ða; v Þ : :Tg and w 2 {C v D, R1. . .Rm v R, T1 v T2}. A fuzzy interpretation I satisﬁes (is a model of):













h/ ﬄ ci iff /I ﬄ c.
I
ha – bi iff aI – b .
I
I
ha = bi iff a ¼ b .
hw . ci iff wI . c.
trans (R) iff 8 x; y; z 2 DI ; RI ðx; zÞ  RI ðz; yÞ 6 RI ðx; yÞ.
dis (S1, S2) iff 8 x; y 2 DI ; SI1 ðx; yÞ ¼ 0 or SI2 ðx; yÞ ¼ 0.
dis (T1, T2) iff 8 x 2 DI ; v 2 DD ; T I1 ðx; v Þ ¼ 0 or T I2 ðx; v Þ ¼ 0.
ref (R) iff 8 x 2 DI ; RI ðx; xÞ ¼ 1.
irr (S) iff 8 x 2 DI ; SI ðx; xÞ ¼ 0.
sym (R) iff 8x; y 2 DI ; RI ðx; yÞ ¼ RI ðy; xÞ.
asy (S) iff 8 x; y 2 DI , if SI ðx; yÞ > 0 then SI ðy; xÞ ¼ 0.
A fuzzy KB K ¼ hA; T ; Ri iff it satisﬁes each element in A; T and R.

Notice that individual assertions are considered to be crisp, since the equality and inequality of individuals have always
been considered crisp in the fuzzy DL literature [57,52].
3.3. Reasoning tasks
The reasoning tasks of fuzzy rough SROIQðDÞ are the same as in fuzzy SROIQðDÞ [5].
 Fuzzy KB satisﬁability. Given a fuzzy KB K, this problem consists on checking the existence of a fuzzy interpretation satisfying K. Usually, it is the only reasoning task considered, since, as it happens in the crisp case, most inference problems
can be reduced to it [54].
 Fuzzy (possibly rough) concept satisﬁability. A fuzzy (possibly rough) concept C is a-satisﬁable w.r.t. a fuzzy KB K iff there
can exist models of K where C has instances with degree a, i.e. C I P a.
 Fuzzy entailment: A KB K entails a fuzzy axiom s of the forms (A1)–(A5) and (A8), denoted K models s iff every model of K
satisﬁes s.
 Fuzzy (possibly rough) concept subsumption: A fuzzy (possibly rough) concept C is a-subsumed by a fuzzy (possibly rough)
concept D w.r.t. a fuzzy KB K iff K entails the fuzzy GCI hC v D P ai.
 Greatest lower bound. The greatest lower bound (glb) of an axiom / 2 fa : C; ða; bÞ : R; ða; bÞ : :R; ða; v Þ : T; ða; v Þ : :T; C v Dg
w.r.t. a fuzzy KB K is deﬁned as the glbðK; /Þ ¼ supfa : K h/ P aig.
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3.4. Some properties
It can be easily shown that fuzzy rough SROIQðDÞ is a sound extension of rough SROIQðDÞ, in the sense that fuzzy interpretations coincide with rough interpretations if we restrict the degrees of truth to {0, 1}.
Let s be a fuzzy similarity relation. The following properties derive directly from those of fuzzy rough sets [13]:

ðs ## CÞ v ðs # CÞ v C v ðs " CÞ v ðs "" CÞ

ð7Þ

ðs # CÞ v ðs "# CÞ v ðs " CÞ

ð8Þ

ðs # CÞ v ðs #" CÞ v ðs " CÞ

ð9Þ

C v D implies ðs ## CÞ v ðs ## DÞ

ð10Þ

C v D impliesðs "# CÞ v ðs "# DÞ

ð11Þ

C v D impliesðs # CÞ v ðs # DÞ

ð12Þ

C v D impliesðs #" CÞ v ðs #" DÞ
C v D impliesðs "" CÞ v ðs "" DÞ

ð13Þ
ð14Þ

C v D impliesðs " CÞ v ðs " DÞ
ðs ## C u DÞ ðs ## CÞ u ðs ## DÞ

ð15Þ
ð16Þ

ðs "# C u DÞ v ðs "# CÞ u ðs "# DÞ

ð17Þ

ðs # C u DÞ

ð18Þ

ðs # CÞ u ðs # DÞ

ðs #" C u DÞ v ðs #" CÞ u ðs #" DÞ

ð19Þ

ðs "" C u DÞ v ðs "" CÞ u ðs "" DÞ

ð20Þ

ðs " C u DÞ v ðs " CÞ u ðs " DÞ

ð21Þ

ðs ## C t DÞ w ðs ## CÞ t ðs ## DÞ
ðs "# C t DÞ w ðs "# CÞ t ðs "# DÞ

ð22Þ
ð23Þ

ðs # C t DÞ w ðs # CÞ t ðs # DÞ
ðs #" C t DÞ w ðs #" CÞ t ðs #" DÞ

ð24Þ
ð25Þ

ðs "" C t DÞ

ð26Þ

ðs " C t DÞ

ðs "" CÞ t ðs "" DÞ
ðs " CÞ t ðs " DÞ

ð27Þ

Under an involutive negation, and an R-implication or the S-implication associated to the negation, we have that:

ðs # CÞ

:ðs " :CÞ

ð28Þ

ðs " CÞ :ðs # :CÞ
ðs ## CÞ :ðs "" :CÞ

ð29Þ
ð30Þ

ðs "" CÞ

:ðs ## :CÞ

ð31Þ

ðs "# CÞ

:ðs #" :CÞ

ð32Þ

ðs #" CÞ

:ðs "# :CÞ

ð33Þ

Under an R-implication, it holds that:

ðs "# CÞ v C v ðs #" CÞ

ð34Þ

The following properties justify the fact that we used fuzzy similarity relations rather than fuzzy equivalence relations. Under an R-implication, if s is also transitive (i.e. if s is a fuzzy equivalence relation), it holds that:

ðs "# ðs "# CÞÞ

ðs "# CÞ

ð35Þ

ðs #" ðs #" CÞÞ

ðs #" CÞ

ð36Þ

ðs ## CÞ

ðs "# CÞ

ðs # CÞ

ð37Þ

ðs #" CÞ

ðs "" CÞ

ðs " CÞ

ð38Þ

Now we will introduce some new properties showing the relation between the fuzzy rough constructors and the universal
and existential quantiﬁcation:

ðs # CÞ

8s  C

ðs " CÞ

9s  C

ð39Þ
ð40Þ

ðs ## CÞ

ðs # ðs # CÞÞ

ð41Þ

ðs "# CÞ

ðs " ðs # CÞÞ

ð42Þ

ðs #" CÞ

ðs # ðs " CÞÞ

ð43Þ

ðs "" CÞ

ðs " ðs " CÞÞ

ð44Þ
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Properties (39)–(44) show that fuzzy rough SROIQðDÞ can be reduced to (and hence it is not more expressive than) fuzzy
SROIQðDÞ. Furthermore, as we will see in Section 6, they are crucial to obtain our reasoning algorithms and to show that
reasoning in both logics belong to the same complexity class.
There are several properties inherited from fuzzy SROIQðDÞ that are not discussed here [5,6,9]. We just recall that under
an R-implication, there are several axioms which are syntactic sugar (and consequently it can be assumed that they do not
appear in fuzzy KBs) due to the following equivalences [5]:
 irrðSÞ > v :9 S:Self,
 trans (R) RR v R,
 sym (R) R v R.
4. Some use cases
In this section we present some use cases that demonstrate the usefulness of the fuzzy rough DLs proposed here. Section 4.1 discusses the application to a general notion of problems: information systems. Next, Section 4.2 presents the application to query reﬁnement in information retrieval. Finally, Section 4.3 discusses the use of fuzzy rough concepts as concept
modiﬁers. All these use cases show that our approach offer some advantages with respect to both classical ontologies and
fuzzy rough set theory.
4.1. Information systems
An information system is a pair (U, A), where U = {o1, . . . , ok} is a non-empty ﬁnite set of objects (the universe) and
A = {a1, . . . , am} is a non-empty ﬁnite set of attributes such that a : U ? Va for every a 2 A, where the set Va is called the value
set of a [34].
Consider a sample information system, originally proposed in [61], and deﬁned as follows:
Object

a1

a2

a3

a4

a5

o1
o2
o3
o4
o5
o6
o7
o8
o9
o10

1
1
2
0
2
0
2
0
2
2

2
2
0
0
1
0
0
1
1
0

0
0
0
1
0
1
0
2
0
0

1
1
1
2
2
2
1
2
2
1

1
1
0
1
1
2
0
1
2
0

Firstly, we would like to note that crisp information systems can trivially be represented by using a DL. Let vij be the value
of the attribute aj for the object oi. For every cell of the information system, we can add a role assertion of the form:

ðoi ; vij Þ : aj
According to the available information, the objects o1 and o2 cannot be distinguished. Similarly, the objects o3, o7, and o10
cannot be distinguished either. Note that a indiscernibility relation R can be explicitly represented in a KB as follows:

ðo1 ; o2 Þ : R; ðo3 ; o7 Þ : R; ðo3 ; o10 Þ : R; ðo7 ; o10 Þ : R
Furthermore, crisp information systems may be generalized to the case where there is some information about the application domain represented using a DL KB and, thus, attribute values can be inferred from the available knowledge. For instance,
assume the following KB:

K ¼ ffiat500 : Fiat; Fiat v Car; Car v 9numberOfWheels:f2gg
It is easy to see that K entails the following role assertion, which means that the object ﬁat500 has a value 2 for the attribute
numberOfWheels.

ðfiat500; 2Þ : numberOfWheels
This approach can be extended to the fuzzy case. A fuzzy information system is a pair (U, A), where U is the universe and
A = {a1, . . . , am} is a non-empty ﬁnite set of fuzzy attributes such that a : U ! Va for every a 2 A. Essentially, the values of a
fuzzy attribute a (the values of the cells in a information system) are fuzzy sets. For instance, let us consider again the previous example, but now assuming that a5 is a fuzzy attribute:
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Object

a1

a2

a3

a4

a5

o1
o2
o3
o4
o5
o6
o7
o8
o9
o10

1
1
2
0
2
0
2
0
2
2

2
2
0
0
1
0
0
1
1
0

0
0
0
1
0
1
0
2
0
0

1
1
1
2
2
2
1
2
2
1

High
Very high
Low
Medium
Low
Medium
Very low
High
Medium
Low

Let vij be a fuzzy set represented by one of the fuzzy membership functions allowed as fuzzy concrete predicates d. Then,
every cell can be represented as follows:

oi : 9aj  vij
For instance, the fact that ﬁat500 has a value medium for the attribute hasMaxSpeed (representing the maximum speed), can be
represented as follows:

fiat500 : 9hasMaxSpeed  Medium
In the fuzzy case, the indiscernibility relation is fuzzy. For example, o1 and o2 are not fully indiscernible. On the contrary, they
are indiscernible to some degree a1, which depends on the compatibility of the labels high and very high. Again, this can be
represented with the following fuzzy role assertion:

hðo1 ; o2 Þ : R P a1 i
Of course, attribute values can be inferred from the available knowledge. For instance, given the following KB:

K ¼ fhporsche911 : FastCar P bi; FastCar v 9hasMaxSpeed:Highg
It is easy to see that K entails the following fuzzy concept assertion under an R-implication:

hporsche911 : 9hasMaxSpeed  High P bi
In summary, the advantage of our approach compared to fuzzy rough theory is that we can have an ontology with background knowledge and use it to deduce implicit knowledge.
4.2. Query reﬁnement in information retrieval
Query reﬁnement is an essential task in information retrieval that aims to obtain different search results by extending a
particular query with new terms that are related to the original query terms.
De Cock et al. studied the application of fuzzy rough sets to the query reﬁnement problem [11,13]. In particular, they
showed that the use of tight upper approximations works very well in practice, since it combines the effects of upper (that
introduce too many irrelevant terms) and lower approximations (that easily produce an empty query).
In this subsection, we will show how to encode query reﬁnement problems in fuzzy rough SROIQðDÞ by presenting an
example originally proposed in [11,13].
Let R be a fuzzy equivalence relation among all the possible query terms. R measures to which extent two terms can be
considered as similar. For instance, R can be computed by measuring the co-occurrence frequency of pair of terms. The definition of R is expressed in the following table of fuzzy role assertions:
R

mac

computer

apple

fruit

pie

recipe

store

emulator

hardware

mac
computer
apple
fruit
pie
recipe
store
emulator
hardware

1

0.89
1

0.89
0.94
1

0
0.44
0.83
1

0.01
0.44
0.99
0.44
1

0
0.56
0.83
0.66
1
1

0.75
0.25
0.83
1
0.97
1
1

0.83
1
0.25
0
0
0
0.34
1

0.66
0.83
0.99
0.03
0.06
0.03
0.75
1
1
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The degrees of truth are interpreted as lower bounds, except if the degree is 0, which is interpreted as an exact bound. For
instance, the second cell in the table represents the fuzzy role assertion h(mac, computer : R) P 0.89i, while the fourth cell represents the h(mac, fruit) : R = 0i.
Now, let us consider a sample query. For instance, suppose that we are looking for apple pie recipes. Hence, we are interested in documents that have to do with all the terms apple, pie and recipe. Note that apple is an ambiguous word, which can
refer both to a piece of fruit and to a computer company. This query can be seen as a conjunctive query (apple, pie, recipe). In
our fuzzy rough DL, this query can be represented with the following assertions:

happle : Q ¼ 1i;

hpie : Q ¼ 1i;

hrecipe : Q ¼ 1i

It is important to stress that the original example is implicitly making a closed domain assumption. This is not usually done in
DLs, but it can enforced by adding the following axiom:

> v fmacg t fcomputerg t fappleg t ffruitg t fpieg t frecipeg t fstoreg t femulatorg t fhardwareg
Once we have deﬁned our fuzzy KB K, the relevance of a term t to a query Q, can be computed using the new fuzzy rough
constructors as follows:

glbðK; t : ðR #" QÞÞ
For instance, even if glbðK; mac : QÞ ¼ 0i, it holds that glbðK; mac : ðR #" QÞÞ ¼ 0:42. That is, the query reﬁnement process
makes the term mac relevant to the query to some degree.
The following table allows to compare the results that we obtain with the original query (ﬁrst column) and with the query
reﬁnement process based on the tight upper approximation (second column):

mac
computer
apple
fruit
pie
recipe
store
emulator
hardware

Q

(R ;" Q)

0
0
1
0
1
1
0
0
0

0.42
0.25
1
0.83
1
1
0.83
0.25
0.25

The interesting advantage of our approach is that we can represent not only the query terms and their relations, but also
some background knowledge related to the domain, by using the different possibilities that fuzzy rough SROIQðDÞ offers.
Additionally, we can trivially add weights to the query terms, and consider queries of the form {w1/apple, w2/pie, w3/recipe},
which can be represented as:

happle : Q P w1 i;

hpie : Q P w2 i;

hrecipe : Q P w3 i

4.3. Fuzzy rough concepts as concept modiﬁers
To conclude this section, we would like to discuss the use of fuzzy rough concepts as concept modiﬁers. De Cock et al.
proposed the use of fuzzy rough sets as fuzzy modiﬁers [14]. For example, the authors considered the modiﬁers roughly, moreOrLess, rather, very, deﬁnitely, and extremely, interpreted by means of the following inclusion relation:

extremelyðXÞ # definitelyðXÞ # veryðXÞ # X # ratherðXÞ
# moreOrLessðXÞ # roughlyðXÞ
Given a fuzzy concept C and a fuzzy similarity relation s, it is possible to deﬁne these fuzzy modiﬁers as follows:

extremelyðCÞ ¼ ðs ## CÞKD
definitelyðCÞ ¼ ðs # CÞKD
veryðCÞ ¼ ðs # CÞŁ
ratherðCÞ ¼ ðs " CÞŁ
moreOrLessðCÞ ¼ ðs " CÞG
roughlyðCÞ ¼ ðs "" CÞG
It is not difﬁcult to see that using the previous deﬁnition, the inclusion relation (45) among modiﬁers holds.

ð45Þ
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Due to Property (7), it is immediate to see that in fact extremely(C) # deﬁnitely(C), very(C) # C # rather(C),
moreOrLess(C) # roughly(C).
Furthermore, the well-known property a Ł b 6 a G b, implies that (s " C)Ł # (s " C)G. Consequently, rather(C) #
moreOrLess(C).
Similarly, the well-known property (a) G b 6 (a) Ł b, implies that a )KD b 6 a )Ł b. Consequently (s ; C)KD #
(s ; C)Ł and thus deﬁnitely(C) # very(C).
An advantage of this approach for modelling fuzzy concept modiﬁers is the ﬂexibility, since a fuzzy ontology designer can
count on different fuzzy rough approximations and different fuzzy logic operators. It is also interesting to remark that fuzzy
rough constructors are implemented in some fuzzy DL reasoners, as described in Section 5. In the literature there are several
approaches for representing fuzzy modiﬁers in fuzzy DLs [16,25,26,55,60,62]. However, they have not been implemented in
practice with the notable exception of triangular and linear fuzzy modiﬁers, supported by FUZZYDL [7] and DELOREAN [4].
The advantage of our approach compared to fuzzy rough theory is that we can apply these concept modiﬁers to complex
concepts built using the constructors of the fuzzy rough DL.
5. Reasoning and implementation
In this section we will show how two current highly expressive fuzzy DL reasoners have been adapted to support fuzzy
rough DLs, namely FUZZYDL system [7] and DELOREAN system [4].
To this end, we recall that Properties (39) and (40) show that we can map upper (si " C) and lower (si ; C) approximation
concepts can be represented as fuzzy DL concepts $ si  C and " si  C, respectively. That is, we consider the following
transformation:

ðsi # CÞ # 8 si  C

ð46Þ

ðsi " CÞ # 9 si  C

ð47Þ

Thus, we may replace upper and lover approximation concepts with ordinary fuzzy DL concepts. This is exactly the same
transformation pointed out for the crisp case [50].
Furthermore, tight and loose approximation are translated by using Properties (41)–(44):

ðs ## C i Þ # 8 si  ð8 si  C i Þ

ð48Þ

ðs "# C i Þ # 9 si  ð8si  C i Þ

ð49Þ

ðs #" C i Þ # 8 si  ð9si  C i Þ

ð50Þ

ðs "" C i Þ # 9 si  ð9si  C i Þ

ð51Þ

We also need to add some axioms stating that si is a fuzzy similarity or fuzzy equivalence relation. Since the translation can
be performed in polynomial time and introduces a polynomial number of new axioms (2 for every fuzzy similarity relation
and 3 for every fuzzy equivalence relation), reasoning in fuzzy rough SROIQðDÞ and reasoning in fuzzy SROIQðDÞ belong to
the same complexity class. In general, the complexity class for reasoning with fuzzy SROIQðDÞ is still unknown. For some
fragments of it, reductions to the non-fuzzy case are known [5,6,9].
In the following, we shall discuss some concrete implementation details.
5.1.

FUZZYDL

reasoner

FUZZYDL is a publicly available reasoner for fuzzy SHIF ðDÞ under Zadeh, Łukasiewicz and Gödel logics [7]. The differences
with respect to the logic deﬁned in Section 3 are the following. On the one hand, it did not initially support role constructors
R4–R6, concept constructors C12–C16, C22–C27, and axioms A3, A5, A12–A15, A17. On the other hand, FUZZYDL can also support a lot of features not covered here.
Its reasoning algorithm combines a tableaux algorithm and a mixed integer linear optimization problem. The basic idea is
to build a tableaux using a set of satisﬁability preserving rules which generate new simpler fuzzy assertion axioms together
with some inequations over [0, 1]-valued variables. Finally, an optimization problem through the set of inequations is solved.
A detailed description of the reasoning algorithm cannot ﬁt into this paper, but it can be found in [58].
In this subsection we describe how we have extended FUZZYDL in order to support C16, C22–C27, and A14. Essentially, we
needed to support reﬂexive roles, added some convenient syntactic sugar, and implemented the transformation in Eqs. (46)–
(51).
Firstly, we included some new concept constructors: tight lower approximations, loose lower approximation, (conventional) lower approximations, tight upper approximations, loose upper approximation, (conventional) upper approximations, and local reﬂexivity concepts, which are of the following forms: (tla si C), (lla si C), (la si C), (tua si C), (lua si
C), (ua si C), (self S), respectively, where si is a fuzzy similarity or a fuzzy equivalence relation, S is a simple fuzzy role
and C is a fuzzy concept. Local reﬂexivity concepts are not necessary for the rough extension, but adding them is easy (reasoning is similar to the case of reﬂexive roles).
Fuzzy similarity and equivalence relations must be previously deﬁned using the following syntax:
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ðdefine  fuzzy  similarity si Þ:
ðdefine  fuzzy  equivalence si Þ:
Then, we extended FUZZYDL with reﬂexive roles of the form (reflexive R), where R is a fuzzy role. For convenience, we allowed symmetric role axioms of the form (symmetric R). Symmetric role axioms are just syntactic sugar and could already
be simulated in FUZZYDL, since, under an R-implication, the axiom R v R and the symmetry of R are equivalent.
The reasoning algorithm was extended as follows:
 For every fuzzy similarity relation (define-fuzzy-similarity si) we assert si to be reﬂexive and symmetric by adding
the following axioms: (reflexive R), (symmetric R).
 For every fuzzy equivalence relation (define-fuzzy-equivalence si), we assert si to be reﬂexive, and symmetric (as in
the previous step), but also transitive by adding the following axiom: (transitive R).
 Every tight lower approximation concept (tla si C) is replaced with a lower restriction concept (la (la si C)).
 Every loose lower approximation concept (lla si C) is replaced with an upper restriction concept (ua(la si C)).
 Every tight upper approximation concept (tua si C) is replaced with a lower restriction concept (la(ua si C)).
 Every loose upper approximation concept (lua si C) is replaced with an upper restriction concept (ua(ua si C)).
 Every lower approximation concept (la si C) is replaced with a universal restriction concept (all si C).
 Every upper approximation concept (ua si C) is replaced with an existential restriction concept (some si C).
 Every symmetric role axiom (symmetric R) is replaced with an inverse role axiom (inverse R invR) and a role inclusion
axiom (implies-role R invR). Under an R-implication, it is well known that sym(R) is equivalent to R v R.
 The rule for a local reﬂexivity concept (self S) asserts that an individual is related to itself. Roughly speaking, for every
individual x of a model, we create a relation S(x, x) with some degree.
 The rule for reﬂexive roles (reflexive R) asserts that every individual is related to itself. Roughly speaking, for every
individual x of a model, we create a relation R(x, x) = 1.
5.2. DELOREAN reasoner
DELOREAN is a reasoner for fuzzy SROIQðDÞ under Zadeh and Gödel logics [4]. The differences with respect to the logic
deﬁned in Section 3 are that it did not initially support role constructors R5–R6, and concept constructors C17–C18 and
C22–C27.
Its reasoning algorithm is based on a reduction to a classical DL, so current DL reasoners can be reused. A full description
may be found in [5,6].
In this subsection we describe how we have extended DELOREAN in order to support C22–C27. Essentially, we implemented
the transformation in Eqs. (46)–(51).
To begin with, we extended the syntax with the new concept constructors5: (tight-lower si C), (loose-lower si C), (lower
si C), (tight-upper si C), (loose-upper si C), (upper si C), where si is a fuzzy similarity relation and C is a fuzzy concept.
Then, the reasoning algorithm was extended as follows:
 Every tight lower approximation concept (tight-lower si C) is replaced with a lower restriction concept (lower (lower si C)).
 Every loose lower approximation concept (loose-lower si C) is replaced with an upper restriction concept (upper(lower si C)).
 Every tight upper approximation concept (tight-upper si C) is replaced with a lower restriction concept (lower (upper
si C)).
 Every loose upper approximation concept (lower–upper si C) is replaced with an upper restriction concept (upper(upper si C)).
 Every concept (upper si C) is replaced with an existential restriction concept (some si C). Furthermore, we add the following axioms if they do not exist in the fuzzy RBox: (reflexive si), (symmetric si).
 Every concept (lower si C) is replaced with a universal restriction concept (all si C). Once again, we add the following
axioms in case they do not exist in the fuzzy RBox: (reflexive si), (symmetric si).
Note that the fuzzy relations that take part in some approximation concept are interpreted as fuzzy similarity relations. If
the user wants to interpret a fuzzy relation s as a fuzzy equivalence relation, it is necessary to add a transitive role axiom
(transitive s).
6. Related work
In this section, we will begin by discussing separately fuzzy and rough extensions of DLs, and then we will report on the
few works that consider fuzzy rough DLs.
5

The syntax is similar to that of

FUZZYDL,

although there are some differences in the reserved words of the language for historical reasons.
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Fuzzy DLs. Since the ﬁrst work of Yen in 1991 [64], an important number of fuzzy extensions to DLs can be found in
the literature. Some notable works are [5,6,8,9,21,24,47,52,53,55–57,60]; for a more detailed survey we
refer the reader to the survey in [38]. The present paper builds on the very expressive fuzzy DL
SROIQðDÞ, extending it with fuzzy rough sets.
Rough DLs. There are also some works on rough DLs [17,19,30,33,32,36,50]. In particular, Schlobach et al. show that
for any DL having universal and existential restrictions, as well as reﬂexive, symmetric and transitive
roles, reasoning in a rough DL can be reduced to reasoning with a classical DL [50]. In the present paper,
however, we introduce rough concepts in a fuzzy DL, instead of in a classical DL.
Fuzzy rough DLs. There is little research on fuzzy rough DLs. In the older paper, Dey et al. present a fuzzy rough ontology
[15]. They do not elaborate on the formal details of the subjacent DL, and reasoning is restricted to a simple form of concept querying. Our approach however, has a more formal basis and makes it possible to
use any of the reasoning tasks for fuzzy DLs.
Jiang et al. provide a fuzzy rough extension of the DL SHIN , and show how that it is equivalent to fuzzy
SHIN by using a similar translation as in the current paper [29]. Jiang et al. also provide an extension of
the DL ALC with intuitionistic fuzzy rough sets [28]. Although a useful syntactic sugar is provided, their
approach does not provide additional expressive power, since they also show how to reduce reasoning in
their logic to reasoning in fuzzy ALC over a lattice [56]. These works are restricted to Zadeh logic, and
consider generalized fuzzy rough sets. In generalized fuzzy rough sets, indiscernibility relations are
not required to be reﬂexive and symmetric. This assumption of generalized fuzzy rough sets is necessary
because reﬂexivity cannot be represented neither in ALC nor in SHIN .
There are several differences comparing to our approach. Firstly, we consider the more expressive DL
SROIQðDÞ as the subjacent logic. Secondly, as a consequence of the increase of expressivity, indiscernibility relations can be represented using fuzzy similarity or fuzzy equivalence relations. Thirdly, the
semantics of our logic is independent from the fuzzy logic considered. In particular, we allow to use
an R-implication, which is necessary to prove some of the common properties of fuzzy rough sets (for
some background on implication functions, the reader is referred to Section 2.1). On the contrary [29]
uses Kleene–Dienes implication, which is known to have counter-intuitive effects in fuzzy DLs [5,24].
Fourthly, we have introduced tight and loose rough approximations [13]. Finally, we have described
how to implement our approach.
7. Conclusions
In this paper we have studied a DL managing vagueness in two different but complementary ways, combining a fuzzy DL
with fuzzy rough sets. In particular, we have presented a very expressive fuzzy rough extension of the DL SROIQðDÞ, the
logic behind the language OWL 2. The rough extension is general (independent of the family of fuzzy operators), and uses
k possible fuzzy similarity relations. In addition to the well-known lower and upper approximations, we include tight and
loose approximations, reﬂecting the fact that an element can belong to several fuzzy similarity classes.
Reasoning in fuzzy rough SROIQðDÞ can be reduced to reasoning in fuzzy SROIQðDÞ. Reasoning under this latter logic is
not currently possible, but we have extended and implemented two well-known reasoning algorithms for fuzzy DLs in order
to deal with two important fragments of the logic. On the one hand, FUZZYDL implements a combination of a tableaux algorithm and a mixed integer linear optimization problem, and already supports fuzzy rough SHIF ðDÞ under Zadeh, Łukasiewicz and Gödel logics. On the other hand, DELOREAN implements a translation to a crisp DL and supports fuzzy rough
SROIQðDÞ under Zadeh and Gödel logics.
Extending the expressivity of the fuzzy DLs reasoners, in order to support in practice more expressive fragments of fuzzy
rough SROIQðDÞ, remains an open research problem.
Another approach that would be worth to explore is the extension of rough and fuzzy rough DLs with possibilistic logic,
similarly as in [42], where degrees of certainty indicate to what extent equivalence classes are included in (possibly fuzzy)
rough concepts.
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